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Abstract

Spatial-temporal reasoning is a challenging task in
Artificial Intelligence (AI) due to its demanding but unique
nature: a theoretic requirement on representing and rea-
soning based on spatial-temporal knowledge in mind, and
an applied requirement on a high-level cognitive system ca-
pable of navigating and acting in space and time. Recent
works have focused on an abstract reasoning task of this
kind—Raven’s Progressive Matrices (RPM). Despite the
encouraging progress on RPM that achieves human-level
performance in terms of accuracy, modern approaches have
neither a treatment of human-like reasoning on generaliza-
tion, nor a potential to generate answers. To fill in this gap,
we propose a neuro-symbolic Probabilistic Abduction and
Execution (PrAE) learner; central to the PrAE learner is
the process of probabilistic abduction and execution on a
probabilistic scene representation, akin to the mental ma-
nipulation of objects. Specifically, we disentangle percep-
tion and reasoning from a monolithic model. The neural
visual perception frontend predicts objects’ attributes, later
aggregated by a scene inference engine to produce a prob-
abilistic scene representation. In the symbolic logical rea-
soning backend, the PrAE learner uses the representation
to abduce the hidden rules. An answer is predicted by exe-
cuting the rules on the probabilistic representation. The en-
tire system is trained end-to-end in an analysis-by-synthesis
manner without any visual attribute annotations. Extensive
experiments demonstrate that the PrAE learner improves
cross-configuration generalization and is capable of ren-
dering an answer, in contrast to prior works that merely
make a categorical choice from candidates.

1. Introduction

While “thinking in pictures” [13], i.e., spatial-temporal
reasoning, is effortless and instantaneous for humans, this
significant ability has proven to be particularly challeng-

‹ indicates equal contribution.

ing for current machine vision systems [27]. With the
promising results [13] that show the very ability is strongly
correlated with one’s logical induction performance and
a crucial factor for the intellectual history of technology
development, recent computational studies on the prob-
lem focus on an abstract reasoning task relying heavily
on “thinking in pictures”—Raven’s Progressive Matrices
(RPM) [3, 24, 51, 52]. In this task, a subject is asked to
pick a correct answer that best fits an incomplete figure ma-
trix to satisfy the hidden governing rules. The ability to
solve RPM-like problems is believed to be critical for gener-
ating and conceptualizing solutions to multi-step problems,
which requires mental manipulation of given images over
a time-ordered sequence of spatial transformations. Such
a task is also believed to be characteristic of relational and
analogical reasoning and an indicator of one’s fluid intelli-
gence [6, 18, 26, 55].

State-of-the-art algorithms incorporating a contrasting
mechanism and perceptual inference [17, 72] have achieved
decent performance in terms of accuracy. Nevertheless,
along with the improved accuracy from deep models come
critiques on its transparency, interpretability, generalization,
and difficulty to incorporate knowledge. Without explic-
itly distinguishing perception and reasoning, existing meth-
ods use a monolithic model to learn correlation, sacrificing
transparency and interpretability in exchange for improved
performance [17, 20, 53, 59, 70, 72, 75]. Furthermore, as
shown in experiments, deep models nearly always overfit to
the training regime and cannot properly generalize. Such a
finding is consistent with Fodor [11] and Marcus’s [43, 44]
hypothesis that human-level systematic generalizability is
hardly compatible with classic neural networks; Marcus
postulates that a neuro-symbolic architecture should be re-
cruited for human-level generalization [7, 8, 9, 41, 42, 66].

Another defect of prior methods is the lack of top-down
and bottom-up reasoning [72]: Human reasoning applies
a generative process to abduce rules and execute them to
synthesize a possible solution in mind, and discriminatively
selects the most similar answer from choices [19]. This bi-
directional reasoning is in stark contrast to discriminative-
only models, solely capable of making a categorical choice.



Psychologists also call for weak attribute supervision in
RPM. As isolated Amazonians, absent of schooling on
primitive attributes, could still correctly solve RPM [5, 25],
an ideal computational counterpart should be able to learn
it absent of visual attribute annotations. This weakly-
supervised setting introduces unique challenges: How to
jointly learn these visual attributes given only ground-truth
images? With uncertainties in perception, how to abduce
hidden logic relations from it? How about executing the
symbolic logic on inaccurate perception to derive answers?

To support cross-configuration generalization and an-
swer generation, we move a step further towards a neuro-
symbolic model with explicit logical reasoning and human-
like generative problem-solving while addressing the chal-
lenges. Specifically, we propose the Probabilistic Abduc-
tion and Execution (PrAE) learner; central to it is the pro-
cess of abduction and execution on the probabilistic scene
representation. Inspired by Fodor, Marcus, and neuro-
symbolic reasoning [15, 40, 67, 68], the PrAE learner dis-
entangles the previous monolithic process into two separate
modules: a neural visual perception frontend and a sym-
bolic logical reasoning backend. The neural visual frontend
operates on object-based representation [15, 29, 40, 67, 68]
and predicts conditional probability distributions on its at-
tributes. A scene inference engine then aggregates all object
attribute distributions to produce a probabilistic scene rep-
resentation for the backend. The symbolic logical backend
abduces, from the representation, hidden rules that govern
the time-ordered sequence via inverse dynamics. An exe-
cution engine executes the rules to generate an answer rep-
resentation in a probabilistic planning manner [12, 21, 31],
instead of directly making a categorical choice among the
candidates. The final choice is selected based on the diver-
gence between the generated prediction and the given candi-
dates. The entire system is trained end-to-end with a cross-
entropy loss and a curricular auxiliary loss [53, 70, 72] with-
out any visual attribute annotations. Fig. 1 compares the
proposed PrAE learner with prior methods.

The unique design in PrAE connects perception and rea-
soning and offers several advantages: (i) With an inter-
mediate probabilistic scene representation, the neural vi-
sual perception frontend and the symbolic logical reason-
ing backend can be swapped for different task domains,
enabling a greater extent of module reuse and combina-
torial generalization. (ii) Instead of blending perception
and reasoning into one monolithic model without any ex-
plicit reasoning, probabilistic abduction offers a more inter-
pretable account for reasoning on a logical representation.
It also affords a more detailed analysis into both percep-
tion and reasoning. (iii) Probabilistic execution permits a
generative process to be integrated into the system. Sym-
bolic logical constraints can be transformed by the execu-
tion engine into a forward model [28] and applied in a prob-
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Figure 1. Differences between (a) prior methods and (b) the pro-
posed approach. Prior methods do not explicitly distinguish per-
ception and reasoning; instead, they use a monolithic model and
only differ in how features are manipulated, lacking semantics and
probabilistic interpretability. In contrast, the proposed approach
disentangles this monolithic process: It perceives each panel of
RPM as a set of probability distributions of attributes, performs
logical reasoning to abduce the hidden rules that govern the time-
ordered sequence, and executes the abduced rules to generate an-
swer representations. A final choice is made based on the diver-
gence between predicted answer distributions and each candidate’s
distributions; see Section 2 for a detailed comparison.

abilistic manner to predict the final scene representation,
such that the entire system can be trained by analysis-by-
synthesis [4, 14, 16, 22, 23, 36, 62, 63, 64, 65, 69, 77]. (iv)
Instead of making a deterministic decision or drawing lim-
ited samples, maintaining probabilistic distributions brings
in extra robustness and fault tolerance and allows gradients
to be easily propagated.

This paper makes three major contributions: (i) We pro-
pose the Probabilistic Abduction and Execution (PrAE)
learner. Unlike previous methods, the PrAE learner disen-
tangles perception and reasoning from a monolithic model
with the reasoning process realized by abduction and execu-
tion on a probabilistic scene representation. The abduction
process performs interpretable reasoning on perception re-
sults. The execution process adds to the learner a generative
flavor, such that the system can be trained in an analysis-by-
synthesis manner without any visual attribute annotations.
(ii) Our experiments demonstrate the PrAE learner achieves
better generalization results compared to existing methods
in the cross-configuration generalization task of RPM. We
also show that the PrAE learner is capable of generating an-
swers for RPM questions via a renderer. (iii) We present
analyses into the inner functioning of both perception and
reasoning, providing an interpretable account of PrAE.



2. Related Work
Neuro-Symbolic Visual Reasoning Neuro-symbolic

methods have shown promising potential in tasks involving
an interplay between vision and language and vision and
causality. Qi et al. [49, 50] showed that action recognition
could be significantly improved with the help of grammar
parsing, and Li et al. [33] integrated perception, parsing,
and logics into a unified framework. Of particular rele-
vance, Yi et al. [68] first demonstrated a prototype of a
neuro-symbolic system to solve Visual Question Answer-
ing (VQA) [1], where the vision system and the language
parsing system were separately trained with a final symbolic
logic system applying the parsed program to deliver an an-
swer. Mao et al. [40] improved such a system by making
the symbolic component continuous and end-to-end train-
able, despite sacrificing the semantics and interpretability
of logics. Han et al. [15] built on [40] and studied the meta-
concept problem by learning concept embeddings. A re-
cent work investigated temporal and causal relations in col-
lision events [67] and solved it in a way similar to [68].
The proposed PrAE learner is similar to but has fundamen-
tal differences from existing neuro-symbolic methods. Un-
like the method proposed by Yi et al. [67, 68], our approach
is end-to-end trainable and does not require intermediate
visual annotations, such as ground-truth attributes. Com-
pared to [40], our approach preserves logic semantics and
interpretability by explicit logical reasoning involving prob-
abilistic abduction and execution in a probabilistic planning
manner [12, 21, 31].

Computational Approaches to RPM Initially pro-
posed as an intelligence quotient test into general intelli-
gence and fluid intelligence [51, 52], Raven’s Progressive
Matrices (RPM) has received notable attention from the re-
search community of cognitive science. Psychologists have
proposed reasoning systems based on symbolic representa-
tions and discrete logics [3, 37, 38, 39]. However, such log-
ical systems cannot handle visual uncertainty arising from
imperfect perception. Similar issues also pose challenges
to methods based on image similarity [35, 45, 46, 47, 54].
Recent works approach this problem in a data-driven man-
ner. The first automatic RPM generation method was pro-
posed by Wang and Su [60]. Santoro et al. [53] extended
it using procedural generation and introduced the Wild Re-
lational Network (WReN) to solve the problem. Zhang et
al. [70] and Hu et al. [20] used stochastic image gram-
mar [76] and provided structural annotations to the dataset.
Unanimously, existing methods do not explicitly distinguish
perception and reasoning; instead, they use one monolithic
neural model, sacrificing interpretability in exchange for
better performance. The differences in previous methods
lie in how features are manipulated: Santoro et al. [53]
used the relational module to extract final features, Zhang
et al. [70] stacked all panels into the channel dimension and

fed them into a residual network, Hill et al. [17] prepared
the data in a contrasting manner, Zhang et al. [72] com-
posed the context with each candidate and compared their
potentials, Wang et al. [59] modeled the features by a mul-
tiplex graph, and Hu et al. [20] integrated hierarchical fea-
tures. Zheng et al. [75] studied a teacher-student setting in
RPM, while Steenbrugge et al. [57] focused on a genera-
tive approach to improve learning. Concurrent to our work,
Spratley et al. [56] unsupervisedly extracted object embed-
dings and conducted reasoning via a ResNet. In contrast,
PrAE is designed to address cross-configuration general-
ization and disentangles perception and reasoning from a
monolithic model, with symbolic logical reasoning imple-
mented as probabilistic abduction and execution.

3. The PrAE Learner
Problem Setup In this section, we explain our ap-

proach to tackling the RPM problem. Each RPM instance
consists of 16 panels: 8 context panels form an incomplete
3ˆ 3 matrix with a 9th missing entry, and 8 candidate pan-
els for one to choose. The goal is to pick one candidate
that best completes the matrix to satisfy the latent governing
rules. Existing datasets [20, 53, 60, 70] assume fixed sets of
object attributes, panel attributes, and rules, with each panel
attribute governed by one rule. The value of a panel attribute
constrains the value of the corresponding object attribute for
each object in it.

Overview The proposed neuro-symbolic PrAE learner
disentangles previous monolithic visual reasoning into two
modules: the neural visual perception frontend and the sym-
bolic logical reasoning backend. The frontend uses a CNN
to extract object attribute distributions, later aggregated by
a scene inference engine to produce panel attribute distri-
butions. The set of all panel attribute distributions in a
panel is referred to as its probabilistic scene representa-
tion. The backend retrieves this compact scene representa-
tion and performs logical abduction and execution in order
to predict the answer representation in a generative manner.
A final choice is made based on the divergence between the
prediction and each candidate. Using REINFORCE [61],
the entire system is trained without attribute annotations in
a curricular manner; see Fig. 2 for an overview of PrAE.

3.1. Neural Visual Perception

The neural visual perception frontend operates on each
of the 16 panels independently to produce probabilistic
scene representation. It has two sub-modules: object CNN
and scene inference engine.

Object CNN Given an image panel I , a sliding win-
dow traverses its spatial domain and feeds each image re-
gion into a 4-branch CNN. The 4 CNN branches use the
same LeNet-like architecture [32] and produce the probabil-
ity distributions of object attributes, including objectiveness
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Execution
<latexit sha1_base64="CbRCzTG02xxcmyOcj9omsJ08fcI=">AAAB+XicbVDJSgNBEO2JW4zbqEcvjUHwFCYaXG5BETxGMAskQ+jp1CRNeha6a0LCkD/x4kERr/6JN//Gmckgbg8KHu9VUVXPCaXQaFkfRmFpeWV1rbhe2tjc2t4xd/daOogUhyYPZKA6DtMghQ9NFCihEypgniOh7YyvU789AaVF4N/jLATbY0NfuIIzTKS+afYQphjfTIFHqTLvm2WrYmWgf0k1J2WSo9E333uDgEce+Mgl07pbtUK0Y6ZQcAnzUi/SEDI+ZkPoJtRnHmg7zi6f06NEGVA3UEn5SDP1+0TMPK1nnpN0egxH+reXiv953QjdCzsWfhgh+HyxyI0kxYCmMdCBUMBRzhLCuBLJrZSPmGIck7BKWQiXKc6+Xv5LWieV6mmldlcr16/yOIrkgBySY1Il56RObkmDNAknE/JAnsizERuPxovxumgtGPnMPvkB4+0TbRWUUA==</latexit>

Infer
<latexit sha1_base64="oBZx0gp36sy0HOc3evA+bjIAzY0=">AAAB83icbVDLSsNAFJ3UV62vqks3wSK4KokWH7uiG91VsA9oQplMb9qhk0mYuRFL6G+4caGIW3/GnX9jkgbxdeDC4Zx7ufceLxJco2V9GKWFxaXllfJqZW19Y3Orur3T0WGsGLRZKELV86gGwSW0kaOAXqSABp6Arje5zPzuHSjNQ3mL0wjcgI4k9zmjmEqOg3CPybX0Qc0G1ZpVt3KYf4ldkBop0BpU351hyOIAJDJBte7bVoRuQhVyJmBWcWINEWUTOoJ+SiUNQLtJfvPMPEiVoemHKi2JZq5+n0hooPU08NLOgOJY//Yy8T+vH6N/5iZcRjGCZPNFfixMDM0sAHPIFTAU05RQpnh6q8nGVFGGaUyVPITzDCdfL/8lnaO6fVxv3DRqzYsijjLZI/vkkNjklDTJFWmRNmEkIg/kiTwbsfFovBiv89aSUczskh8w3j4Bo1KSNw==</latexit>

Infer
<latexit sha1_base64="oBZx0gp36sy0HOc3evA+bjIAzY0=">AAAB83icbVDLSsNAFJ3UV62vqks3wSK4KokWH7uiG91VsA9oQplMb9qhk0mYuRFL6G+4caGIW3/GnX9jkgbxdeDC4Zx7ufceLxJco2V9GKWFxaXllfJqZW19Y3Orur3T0WGsGLRZKELV86gGwSW0kaOAXqSABp6Arje5zPzuHSjNQ3mL0wjcgI4k9zmjmEqOg3CPybX0Qc0G1ZpVt3KYf4ldkBop0BpU351hyOIAJDJBte7bVoRuQhVyJmBWcWINEWUTOoJ+SiUNQLtJfvPMPEiVoemHKi2JZq5+n0hooPU08NLOgOJY//Yy8T+vH6N/5iZcRjGCZPNFfixMDM0sAHPIFTAU05RQpnh6q8nGVFGGaUyVPITzDCdfL/8lnaO6fVxv3DRqzYsijjLZI/vkkNjklDTJFWmRNmEkIg/kiTwbsfFovBiv89aSUczskh8w3j4Bo1KSNw==</latexit>

Infer
<latexit sha1_base64="oBZx0gp36sy0HOc3evA+bjIAzY0=">AAAB83icbVDLSsNAFJ3UV62vqks3wSK4KokWH7uiG91VsA9oQplMb9qhk0mYuRFL6G+4caGIW3/GnX9jkgbxdeDC4Zx7ufceLxJco2V9GKWFxaXllfJqZW19Y3Orur3T0WGsGLRZKELV86gGwSW0kaOAXqSABp6Arje5zPzuHSjNQ3mL0wjcgI4k9zmjmEqOg3CPybX0Qc0G1ZpVt3KYf4ldkBop0BpU351hyOIAJDJBte7bVoRuQhVyJmBWcWINEWUTOoJ+SiUNQLtJfvPMPEiVoemHKi2JZq5+n0hooPU08NLOgOJY//Yy8T+vH6N/5iZcRjGCZPNFfixMDM0sAHPIFTAU05RQpnh6q8nGVFGGaUyVPITzDCdfL/8lnaO6fVxv3DRqzYsijjLZI/vkkNjklDTJFWmRNmEkIg/kiTwbsfFovBiv89aSUczskh8w3j4Bo1KSNw==</latexit>

Infer
<latexit sha1_base64="oBZx0gp36sy0HOc3evA+bjIAzY0=">AAAB83icbVDLSsNAFJ3UV62vqks3wSK4KokWH7uiG91VsA9oQplMb9qhk0mYuRFL6G+4caGIW3/GnX9jkgbxdeDC4Zx7ufceLxJco2V9GKWFxaXllfJqZW19Y3Orur3T0WGsGLRZKELV86gGwSW0kaOAXqSABp6Arje5zPzuHSjNQ3mL0wjcgI4k9zmjmEqOg3CPybX0Qc0G1ZpVt3KYf4ldkBop0BpU351hyOIAJDJBte7bVoRuQhVyJmBWcWINEWUTOoJ+SiUNQLtJfvPMPEiVoemHKi2JZq5+n0hooPU08NLOgOJY//Yy8T+vH6N/5iZcRjGCZPNFfixMDM0sAHPIFTAU05RQpnh6q8nGVFGGaUyVPITzDCdfL/8lnaO6fVxv3DRqzYsijjLZI/vkkNjklDTJFWmRNmEkIg/kiTwbsfFovBiv89aSUczskh8w3j4Bo1KSNw==</latexit>

z }| {
<latexit sha1_base64="liqjAUrAsH60UtL0qtyiW7LBiN8=">AAACEXicbVDJSgNBEO1xjXGLevTSGIScwkSDyy3oxWMEs0BmCD2dStKkZ6G7RgxDfsGLv+LFgyJevXnzb+xJBlHjKwoe71XRXc+LpNBo25/WwuLS8spqbi2/vrG5tV3Y2W3qMFYcGjyUoWp7TIMUATRQoIR2pID5noSWN7pM/dYtKC3C4AbHEbg+GwSiLzhDI3ULJSc0tqcYh8RBuMPEofM1meS7haJdtqeg86SSkSLJUO8WPpxeyGMfAuSSad2p2BG6CVMouIRJ3ok1RIyP2AA6hgbMB+0m04sm9NAoPdoPlekA6VT9uZEwX+ux75lJn+FQ//VS8T+vE2P/zE1EEMUIAZ891I8lxZCm8dCeUMBRjg1hXAnzV8qHzMSDJsRZCOcpTr5PnifNo3LluFy9rhZrF1kcObJPDkiJVMgpqZErUicNwsk9eSTP5MV6sJ6sV+ttNrpgZTt75Bes9y9Gupt7</latexit>

rNum = Arithmetic plus
<latexit sha1_base64="iKNpHvalFsZioh/b7t7ermyFqs4=">AAACEnicbVDLSgMxFM3UV62vqks3g0XQTZlq8bEQqm5cSQX7gLaWTHrbhiYzQ3JHLMN8gxt/xY0LRdy6cuffmD4UtR4InJxzb8I5biC4Rsf5sBJT0zOzc8n51MLi0vJKenWtrP1QMSgxX/iq6lINgntQQo4CqoECKl0BFbd3NvArN6A0970r7AfQkLTj8TZnFI3UTO+o66iOcIuI0UUo4/j463aiOHYlIGd2IEIdN9MZJ+sMYU+S3JhkyBjFZvq93vJZKMFDJqjWtZwTYCOiyjwpIE7VQw0BZT3agZqhHpWgG9EwUmxvGaVlt31ljof2UP25EVGpdV+6ZlJS7Oq/3kD8z6uF2D5sRNwLQgSPjT5qh8JG3x70Y7e4AoaibwhlpgITn3WpogxNi6lhCUcD7H9HniTl3WxuL5u/zGcKp+M6kmSDbJJtkiMHpEDOSZGUCCN35IE8kWfr3nq0XqzX0WjCGu+sk1+w3j4B5mifog==</latexit>

0.0

0.1

0.6

0.3

...
<latexit sha1_base64="ULFiimF3J4Uu6wH9VDIhhwD2/MA=">AAAB7nicbVDLSgNBEJyNrxhfUY9eBoPgKWw0+LgFvXiMYB6QLGF2djYZMjuzzPQGwpKP8OJBEa9+jzf/xtlkETUWNBRV3XR3+bHgBlz30ymsrK6tbxQ3S1vbO7t75f2DtlGJpqxFlVC66xPDBJesBRwE68aakcgXrOOPbzO/M2HacCUfYBozLyJDyUNOCVip058ECkxpUK64VXcOvExqOamgHM1B+aMfKJpETAIVxJhezY3BS4kGTgWblfqJYTGhYzJkPUsliZjx0vm5M3xilQCHStuSgOfqz4mURMZMI992RgRG5q+Xif95vQTCKy/lMk6ASbpYFCYCg8LZ7zjgmlEQU0sI1dzeiumIaELBJrQI4TrDxffLy6R9Vq2dV+v39UrjJo+jiI7QMTpFNXSJGugONVELUTRGj+gZvTix8+S8Om+L1oKTzxyiX3DevwAbOo+O</latexit>

...
<latexit sha1_base64="ULFiimF3J4Uu6wH9VDIhhwD2/MA=">AAAB7nicbVDLSgNBEJyNrxhfUY9eBoPgKWw0+LgFvXiMYB6QLGF2djYZMjuzzPQGwpKP8OJBEa9+jzf/xtlkETUWNBRV3XR3+bHgBlz30ymsrK6tbxQ3S1vbO7t75f2DtlGJpqxFlVC66xPDBJesBRwE68aakcgXrOOPbzO/M2HacCUfYBozLyJDyUNOCVip058ECkxpUK64VXcOvExqOamgHM1B+aMfKJpETAIVxJhezY3BS4kGTgWblfqJYTGhYzJkPUsliZjx0vm5M3xilQCHStuSgOfqz4mURMZMI992RgRG5q+Xif95vQTCKy/lMk6ASbpYFCYCg8LZ7zjgmlEQU0sI1dzeiumIaELBJrQI4TrDxffLy6R9Vq2dV+v39UrjJo+jiI7QMTpFNXSJGugONVELUTRGj+gZvTix8+S8Om+L1oKTzxyiX3DevwAbOo+O</latexit>

P (Num = 1)
<latexit sha1_base64="V/dAnEBFeKeerlgkN3KYdeASsZ0=">AAAB+nicbVDLSsNAFJ34rPWV6tJNsAh1UxItPhZC0Y0rqWAf0IYymU7aoTOTMHOjlthPceNCEbd+iTv/xiQtotYDFw7n3Mu993ghZxps+9OYm19YXFrOreRX19Y3Ns3CVkMHkSK0TgIeqJaHNeVM0jow4LQVKoqFx2nTG16kfvOWKs0CeQOjkLoC9yXzGcGQSF2zUCt1gN4DQHwVifGZs981i3bZzmDNEmdKimiKWtf86PQCEgkqgXCsdduxQ3BjrIARTsf5TqRpiMkQ92k7oRILqt04O31s7SVKz/IDlZQEK1N/TsRYaD0SXtIpMAz0Xy8V//PaEfgnbsxkGAGVZLLIj7gFgZXmYPWYogT4KCGYKJbcapEBVphAklY+C+E0xdH3y7OkcVB2DsuV60qxej6NI4d20C4qIQcdoyq6RDVURwTdoUf0jF6MB+PJeDXeJq1zxnRmG/2C8f4Fvf6TzQ==</latexit>

P (Num = 2)
<latexit sha1_base64="VR3qMjdA0+GkWvdGSXmhZMeabVg=">AAAB+nicbVDLSsNAFJ3UV62vVJdugkWom5LU4mMhFN24kgr2AW0ok+mkHTqZhJkbtcR+ihsXirj1S9z5NyZpELUeuHA4517uvccJOFNgmp9abmFxaXklv1pYW9/Y3NKL2y3lh5LQJvG5LzsOVpQzQZvAgNNOICn2HE7bzvgi8du3VCrmixuYBNT28FAwlxEMsdTXi41yD+g9AERXoTc9qx709ZJZMVMY88TKSAllaPT1j97AJ6FHBRCOlepaZgB2hCUwwum00AsVDTAZ4yHtxlRgjyo7Sk+fGvuxMjBcX8YlwEjVnxMR9pSaeE7c6WEYqb9eIv7ndUNwT+yIiSAEKshskRtyA3wjycEYMEkJ8ElMMJEsvtUgIywxgTitQhrCaYKj75fnSatasQ4rtetaqX6exZFHu2gPlZGFjlEdXaIGaiKC7tAjekYv2oP2pL1qb7PWnJbN7KBf0N6/AL+Dk84=</latexit>

P (Num = 3)
<latexit sha1_base64="0KXuNtsNFQIZiWK+ulViM5aQo/E=">AAAB+nicbVDLSsNAFJ3UV62vVJdugkWom5LY4mMhFN24kgr2AW0ok+mkHTqZhJkbtcR+ihsXirj1S9z5NyZpELUeuHA4517uvccJOFNgmp9abmFxaXklv1pYW9/Y3NKL2y3lh5LQJvG5LzsOVpQzQZvAgNNOICn2HE7bzvgi8du3VCrmixuYBNT28FAwlxEMsdTXi41yD+g9AERXoTc9qx709ZJZMVMY88TKSAllaPT1j97AJ6FHBRCOlepaZgB2hCUwwum00AsVDTAZ4yHtxlRgjyo7Sk+fGvuxMjBcX8YlwEjVnxMR9pSaeE7c6WEYqb9eIv7ndUNwT+yIiSAEKshskRtyA3wjycEYMEkJ8ElMMJEsvtUgIywxgTitQhrCaYKj75fnSeuwYlUrtetaqX6exZFHu2gPlZGFjlEdXaIGaiKC7tAjekYv2oP2pL1qb7PWnJbN7KBf0N6/AMEIk88=</latexit>

P (Num = 4)
<latexit sha1_base64="n5nIYeDhvQgZ0irME6zdIP7e7nk=">AAAB+nicbVDLSsNAFJ34rPWV6tJNsAh1UxItPhZC0Y0rqWAf0IYymU7aoTOTMHOjlthPceNCEbd+iTv/xiQtotYDFw7n3Mu993ghZxps+9OYm19YXFrOreRX19Y3Ns3CVkMHkSK0TgIeqJaHNeVM0jow4LQVKoqFx2nTG16kfvOWKs0CeQOjkLoC9yXzGcGQSF2zUCt1gN4DQHwVifFZZb9rFu2yncGaJc6UFNEUta750ekFJBJUAuFY67Zjh+DGWAEjnI7znUjTEJMh7tN2QiUWVLtxdvrY2kuUnuUHKikJVqb+nIix0HokvKRTYBjov14q/ue1I/BP3JjJMAIqyWSRH3ELAivNweoxRQnwUUIwUSy51SIDrDCBJK18FsJpiqPvl2dJ46DsHJYr15Vi9XwaRw7toF1UQg46RlV0iWqojgi6Q4/oGb0YD8aT8Wq8TVrnjOnMNvoF4/0Lwo2T0A==</latexit>

P (Num)
<latexit sha1_base64="YriSKLFZ3exkG68eRHXsi+RvgjI=">AAAB+HicbVDLSsNAFJ34rPXRqEs3wSLUTUm0+NgV3biSCvYBbSiT6aQdOpmEmRuxhn6JGxeKuPVT3Pk3TtIgaj1w4XDOvdx7jxdxpsC2P42FxaXlldXCWnF9Y3OrZG7vtFQYS0KbJOSh7HhYUc4EbQIDTjuRpDjwOG1748vUb99RqVgobmESUTfAQ8F8RjBoqW+WGpUe0HsASK7jYHrYN8t21c5gzRMnJ2WUo9E3P3qDkMQBFUA4Vqrr2BG4CZbACKfTYi9WNMJkjIe0q6nAAVVukh0+tQ60MrD8UOoSYGXqz4kEB0pNAk93BhhG6q+Xiv953Rj8MzdhIoqBCjJb5MfcgtBKU7AGTFICfKIJJpLpWy0ywhIT0FkVsxDOU5x8vzxPWkdV57hau6mV6xd5HAW0h/ZRBTnoFNXRFWqgJiIoRo/oGb0YD8aT8Wq8zVoXjHxmF/2C8f4FwPqTSw==</latexit>

{<latexit sha1_base64="jFxfkYKM5kcyxNvNY2VKKDK+F7k=">AAAB6XicbVDLSsNAFL2pr1pfUZduBovgqiRafOyKblxWsQ9oQ5lMJ+3QySTMTIQS+gduXCji1j9y5984SYOo9cCFwzn3cu89fsyZ0o7zaZWWlldW18rrlY3Nre0de3evraJEEtoiEY9k18eKciZoSzPNaTeWFIc+px1/cp35nQcqFYvEvZ7G1AvxSLCAEayNdNdPB3bVqTk50CJxC1KFAs2B/dEfRiQJqdCEY6V6rhNrL8VSM8LprNJPFI0xmeAR7RkqcEiVl+aXztCRUYYoiKQpoVGu/pxIcajUNPRNZ4j1WP31MvE/r5fo4MJLmYgTTQWZLwoSjnSEsrfRkElKNJ8agolk5lZExlhiok04lTyEywxn3y8vkvZJzT2t1W/r1cZVEUcZDuAQjsGFc2jADTShBQQCeIRneLEm1pP1ar3NW0tWMbMPv2C9fwG0no2d</latexit>

rNum
<latexit sha1_base64="VEDbfXRGlj7X2IwoShvMVKsBFuo=">AAAB+XicbVDLSsNAFJ3UV62vqEs3wSK4KokWH7uiG1dSwT6gjWUynbRDJ5Mwc1MsIX/ixoUibv0Td/6NkzSIrwMXDufcy733eBFnCmz7wygtLC4tr5RXK2vrG5tb5vZOW4WxJLRFQh7KrocV5UzQFjDgtBtJigOP0443ucz8zpRKxUJxC7OIugEeCeYzgkFLA9OUd0kf6D0AJNdxkKYDs2rX7BzWX+IUpIoKNAfme38YkjigAgjHSvUcOwI3wRIY4TSt9GNFI0wmeER7mgocUOUm+eWpdaCVoeWHUpcAK1e/TyQ4UGoWeLozwDBWv71M/M/rxeCfuQkTUQxUkPkiP+YWhFYWgzVkkhLgM00wkUzfapExlpiADquSh3Ce4eTr5b+kfVRzjmv1m3q1cVHEUUZ7aB8dIgedoga6Qk3UQgRN0QN6Qs9GYjwaL8brvLVkFDO76AeMt0+w/JR8</latexit>

0.0

0.1

0.6

0.3

...
<latexit sha1_base64="ULFiimF3J4Uu6wH9VDIhhwD2/MA=">AAAB7nicbVDLSgNBEJyNrxhfUY9eBoPgKWw0+LgFvXiMYB6QLGF2djYZMjuzzPQGwpKP8OJBEa9+jzf/xtlkETUWNBRV3XR3+bHgBlz30ymsrK6tbxQ3S1vbO7t75f2DtlGJpqxFlVC66xPDBJesBRwE68aakcgXrOOPbzO/M2HacCUfYBozLyJDyUNOCVip058ECkxpUK64VXcOvExqOamgHM1B+aMfKJpETAIVxJhezY3BS4kGTgWblfqJYTGhYzJkPUsliZjx0vm5M3xilQCHStuSgOfqz4mURMZMI992RgRG5q+Xif95vQTCKy/lMk6ASbpYFCYCg8LZ7zjgmlEQU0sI1dzeiumIaELBJrQI4TrDxffLy6R9Vq2dV+v39UrjJo+jiI7QMTpFNXSJGugONVELUTRGj+gZvTix8+S8Om+L1oKTzxyiX3DevwAbOo+O</latexit>

...
<latexit sha1_base64="ULFiimF3J4Uu6wH9VDIhhwD2/MA=">AAAB7nicbVDLSgNBEJyNrxhfUY9eBoPgKWw0+LgFvXiMYB6QLGF2djYZMjuzzPQGwpKP8OJBEa9+jzf/xtlkETUWNBRV3XR3+bHgBlz30ymsrK6tbxQ3S1vbO7t75f2DtlGJpqxFlVC66xPDBJesBRwE68aakcgXrOOPbzO/M2HacCUfYBozLyJDyUNOCVip058ECkxpUK64VXcOvExqOamgHM1B+aMfKJpETAIVxJhezY3BS4kGTgWblfqJYTGhYzJkPUsliZjx0vm5M3xilQCHStuSgOfqz4mURMZMI992RgRG5q+Xif95vQTCKy/lMk6ASbpYFCYCg8LZ7zjgmlEQU0sI1dzeiumIaELBJrQI4TrDxffLy6R9Vq2dV+v39UrjJo+jiI7QMTpFNXSJGugONVELUTRGj+gZvTix8+S8Om+L1oKTzxyiX3DevwAbOo+O</latexit>

...
<latexit sha1_base64="ULFiimF3J4Uu6wH9VDIhhwD2/MA=">AAAB7nicbVDLSgNBEJyNrxhfUY9eBoPgKWw0+LgFvXiMYB6QLGF2djYZMjuzzPQGwpKP8OJBEa9+jzf/xtlkETUWNBRV3XR3+bHgBlz30ymsrK6tbxQ3S1vbO7t75f2DtlGJpqxFlVC66xPDBJesBRwE68aakcgXrOOPbzO/M2HacCUfYBozLyJDyUNOCVip058ECkxpUK64VXcOvExqOamgHM1B+aMfKJpETAIVxJhezY3BS4kGTgWblfqJYTGhYzJkPUsliZjx0vm5M3xilQCHStuSgOfqz4mURMZMI992RgRG5q+Xif95vQTCKy/lMk6ASbpYFCYCg8LZ7zjgmlEQU0sI1dzeiumIaELBJrQI4TrDxffLy6R9Vq2dV+v39UrjJo+jiI7QMTpFNXSJGugONVELUTRGj+gZvTix8+S8Om+L1oKTzxyiX3DevwAbOo+O</latexit>

...
<latexit sha1_base64="ULFiimF3J4Uu6wH9VDIhhwD2/MA=">AAAB7nicbVDLSgNBEJyNrxhfUY9eBoPgKWw0+LgFvXiMYB6QLGF2djYZMjuzzPQGwpKP8OJBEa9+jzf/xtlkETUWNBRV3XR3+bHgBlz30ymsrK6tbxQ3S1vbO7t75f2DtlGJpqxFlVC66xPDBJesBRwE68aakcgXrOOPbzO/M2HacCUfYBozLyJDyUNOCVip058ECkxpUK64VXcOvExqOamgHM1B+aMfKJpETAIVxJhezY3BS4kGTgWblfqJYTGhYzJkPUsliZjx0vm5M3xilQCHStuSgOfqz4mURMZMI992RgRG5q+Xif95vQTCKy/lMk6ASbpYFCYCg8LZ7zjgmlEQU0sI1dzeiumIaELBJrQI4TrDxffLy6R9Vq2dV+v39UrjJo+jiI7QMTpFNXSJGugONVELUTRGj+gZvTix8+S8Om+L1oKTzxyiX3DevwAbOo+O</latexit>

Compare
<latexit sha1_base64="HNfmaBItt/10EwAmtG7RWY7TYcc=">AAAB9XicbVDJSgNBEO2JW4xb1KOXwSB4CjMaXG7BXDxGMAskY+jp1CRNeha6a9Qw5D+8eFDEq//izb+xZzKI24OCx3tVVNVzI8EVWtaHUVhYXFpeKa6W1tY3NrfK2zttFcaSQYuFIpRdlyoQPIAWchTQjSRQ3xXQcSeN1O/cglQ8DK5xGoHj01HAPc4oaummj3CPSSP0IyphNihXrKqVwfxL7JxUSI7moPzeH4Ys9iFAJqhSPduK0EmoRM4EzEr9WEFE2YSOoKdpQH1QTpJdPTMPtDI0vVDqCtDM1O8TCfWVmvqu7vQpjtVvLxX/83oxemdOwoMoRgjYfJEXCxNDM43AHHIJDMVUE8ok17eabEwlZaiDKmUhnKc4+Xr5L2kfVe3jau2qVqlf5HEUyR7ZJ4fEJqekTi5Jk7QII5I8kCfybNwZj8aL8TpvLRj5zC75AePtEzeTkx4=</latexit>

JSD
<latexit sha1_base64="MBSxUSTrdl5lbbbjWZ8psMsWH3g=">AAAB8XicbVDLSsNAFJ3UV62vqks3g0VwVRItPnZFXYirivaBbSiT6bQdOpmEmRuxhP6FGxeKuPVv3Pk3TtIgaj1w4XDOvdx7jxcKrsG2P63c3PzC4lJ+ubCyura+UdzcauggUpTVaSAC1fKIZoJLVgcOgrVCxYjvCdb0RueJ37xnSvNA3sI4ZK5PBpL3OSVgpLsOsAeIr24uJt1iyS7bKfAscTJSQhlq3eJHpxfQyGcSqCBatx07BDcmCjgVbFLoRJqFhI7IgLUNlcRn2o3Tiyd4zyg93A+UKQk4VX9OxMTXeux7ptMnMNR/vUT8z2tH0D9xYy7DCJik00X9SGAIcPI+7nHFKIixIYQqbm7FdEgUoWBCKqQhnCY4+n55ljQOys5huXJdKVXPsjjyaAfton3koGNURZeohuqIIoke0TN6sbT1ZL1ab9PWnJXNbKNfsN6/AK93kRA=</latexit>

| {z }
<latexit sha1_base64="BHKUXrqrKeqjE5yUcYyvY5ZsFl4=">AAACEnicbVDJSgNBEO1xjXEb9eilMQh6CRMNLregF48RzAKZEHo6laRJT8/QXSOGId/gxV/x4kERr568+Td2FkSNryh4vFdFd70glsKg5306c/MLi0vLmZXs6tr6xqa7tV01UaI5VHgkI10PmAEpFFRQoIR6rIGFgYRa0L8c+bVb0EZE6gYHMTRD1lWiIzhDK7XcQz9RbdCBZhxSH+EOU5/O1nCYbbk5L++NQWdJYUpyZIpyy/3w2xFPQlDIJTOmUfBibKZMo+AShlk/MRAz3mddaFiqWAimmY5PGtJ9q7RpJ9K2FdKx+nMjZaExgzCwkyHDnvnrjcT/vEaCnbNmKlScICg+eaiTSIoRHeVD20IDRzmwhHEt7F8p7zEbD9oUJyGcj3DyffIsqR7lC8f54nUxV7qYxpEhu2SPHJACOSUlckXKpEI4uSeP5Jm8OA/Ok/PqvE1G55zpzg75Bef9CxARm+c=</latexit>

...
<latexit sha1_base64="ULFiimF3J4Uu6wH9VDIhhwD2/MA=">AAAB7nicbVDLSgNBEJyNrxhfUY9eBoPgKWw0+LgFvXiMYB6QLGF2djYZMjuzzPQGwpKP8OJBEa9+jzf/xtlkETUWNBRV3XR3+bHgBlz30ymsrK6tbxQ3S1vbO7t75f2DtlGJpqxFlVC66xPDBJesBRwE68aakcgXrOOPbzO/M2HacCUfYBozLyJDyUNOCVip058ECkxpUK64VXcOvExqOamgHM1B+aMfKJpETAIVxJhezY3BS4kGTgWblfqJYTGhYzJkPUsliZjx0vm5M3xilQCHStuSgOfqz4mURMZMI992RgRG5q+Xif95vQTCKy/lMk6ASbpYFCYCg8LZ7zjgmlEQU0sI1dzeiumIaELBJrQI4TrDxffLy6R9Vq2dV+v39UrjJo+jiI7QMTpFNXSJGugONVELUTRGj+gZvTix8+S8Om+L1oKTzxyiX3DevwAbOo+O</latexit>

...
<latexit sha1_base64="ULFiimF3J4Uu6wH9VDIhhwD2/MA=">AAAB7nicbVDLSgNBEJyNrxhfUY9eBoPgKWw0+LgFvXiMYB6QLGF2djYZMjuzzPQGwpKP8OJBEa9+jzf/xtlkETUWNBRV3XR3+bHgBlz30ymsrK6tbxQ3S1vbO7t75f2DtlGJpqxFlVC66xPDBJesBRwE68aakcgXrOOPbzO/M2HacCUfYBozLyJDyUNOCVip058ECkxpUK64VXcOvExqOamgHM1B+aMfKJpETAIVxJhezY3BS4kGTgWblfqJYTGhYzJkPUsliZjx0vm5M3xilQCHStuSgOfqz4mURMZMI992RgRG5q+Xif95vQTCKy/lMk6ASbpYFCYCg8LZ7zjgmlEQU0sI1dzeiumIaELBJrQI4TrDxffLy6R9Vq2dV+v39UrjJo+jiI7QMTpFNXSJGugONVELUTRGj+gZvTix8+S8Om+L1oKTzxyiX3DevwAbOo+O</latexit>

I9
<latexit sha1_base64="EcvjtcYCH41o72S0J/dn/FczvAA=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KokWtbeiF71VMG2hDWWz3bRLN5uwuxFK6G/w4kERr/4gb/4bN2kQtT4YeLw3w8w8P+ZMadv+tJaWV1bX1ksb5c2t7Z3dyt5+W0WJJNQlEY9k18eKciaoq5nmtBtLikOf044/uc78zgOVikXiXk9j6oV4JFjACNZGcm8HaWM2qFTtmp0DLRKnIFUo0BpUPvrDiCQhFZpwrFTPsWPtpVhqRjidlfuJojEmEzyiPUMFDqny0vzYGTo2yhAFkTQlNMrVnxMpDpWahr7pDLEeq79eJv7n9RIdXHopE3GiqSDzRUHCkY5Q9jkaMkmJ5lNDMJHM3IrIGEtMtMmnnIfQyHD+/fIiaZ/WnLNa/a5ebV4VcZTgEI7gBBy4gCbcQAtcIMDgEZ7hxRLWk/Vqvc1bl6xi5gB+wXr/Aq2Qjr0=</latexit>

I10
<latexit sha1_base64="FeqMAcFGV5QEEgMW8OHjQtbYdoU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexq8HELetFbBPOAZAmzk0kyOjuzzMwKYck/ePGgiFf/x5t/4+xmETUWNBRV3XR3BRFn2rjup1NYWFxaXimultbWNza3yts7LS1jRWiTSC5VJ8CaciZo0zDDaSdSFIcBp+3g/jL12w9UaSbFrZlE1A/xSLAhI9hYqXXdTzx32i9X3KqbAc0TLycVyNHolz96A0nikApDONa667mR8ROsDCOcTku9WNMIk3s8ol1LBQ6p9pPs2ik6sMoADaWyJQzK1J8TCQ61noSB7QyxGeu/Xir+53VjMzzzEyai2FBBZouGMUdGovR1NGCKEsMnlmCimL0VkTFWmBgbUCkL4TzFyffL86R1VPWOq7WbWqV+kcdRhD3Yh0Pw4BTqcAUNaAKBO3iEZ3hxpPPkvDpvs9aCk8/swi84718Qp47v</latexit>

I16
<latexit sha1_base64="GvCgrftmuiGwL+z+taZniVzrQu4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0VL0Vveitgv2ANpTNdtOu3WTD7kYoof/BiwdFvPp/vPlv3KRB1Ppg4PHeDDPzvIgzpW370yosLa+srhXXSxubW9s75d29thKxJLRFBBey62FFOQtpSzPNaTeSFAcepx1vcpX6nQcqFRPhnZ5G1A3wKGQ+I1gbqX0zSJz6bFCu2FU7A1okTk4qkKM5KH/0h4LEAQ014VipnmNH2k2w1IxwOiv1Y0UjTCZ4RHuGhjigyk2ya2foyChD5AtpKtQoU39OJDhQahp4pjPAeqz+eqn4n9eLtX/uJiyMYk1DMl/kxxxpgdLX0ZBJSjSfGoKJZOZWRMZYYqJNQKUshIsU9e+XF0n7pOqcVmu3tUrjMo+jCAdwCMfgwBk04Bqa0AIC9/AIz/BiCevJerXe5q0FK5/Zh1+w3r8AGcWO9Q==</latexit>

Infer
<latexit sha1_base64="oBZx0gp36sy0HOc3evA+bjIAzY0=">AAAB83icbVDLSsNAFJ3UV62vqks3wSK4KokWH7uiG91VsA9oQplMb9qhk0mYuRFL6G+4caGIW3/GnX9jkgbxdeDC4Zx7ufceLxJco2V9GKWFxaXllfJqZW19Y3Orur3T0WGsGLRZKELV86gGwSW0kaOAXqSABp6Arje5zPzuHSjNQ3mL0wjcgI4k9zmjmEqOg3CPybX0Qc0G1ZpVt3KYf4ldkBop0BpU351hyOIAJDJBte7bVoRuQhVyJmBWcWINEWUTOoJ+SiUNQLtJfvPMPEiVoemHKi2JZq5+n0hooPU08NLOgOJY//Yy8T+vH6N/5iZcRjGCZPNFfixMDM0sAHPIFTAU05RQpnh6q8nGVFGGaUyVPITzDCdfL/8lnaO6fVxv3DRqzYsijjLZI/vkkNjklDTJFWmRNmEkIg/kiTwbsfFovBiv89aSUczskh8w3j4Bo1KSNw==</latexit>

Infer
<latexit sha1_base64="oBZx0gp36sy0HOc3evA+bjIAzY0=">AAAB83icbVDLSsNAFJ3UV62vqks3wSK4KokWH7uiG91VsA9oQplMb9qhk0mYuRFL6G+4caGIW3/GnX9jkgbxdeDC4Zx7ufceLxJco2V9GKWFxaXllfJqZW19Y3Orur3T0WGsGLRZKELV86gGwSW0kaOAXqSABp6Arje5zPzuHSjNQ3mL0wjcgI4k9zmjmEqOg3CPybX0Qc0G1ZpVt3KYf4ldkBop0BpU351hyOIAJDJBte7bVoRuQhVyJmBWcWINEWUTOoJ+SiUNQLtJfvPMPEiVoemHKi2JZq5+n0hooPU08NLOgOJY//Yy8T+vH6N/5iZcRjGCZPNFfixMDM0sAHPIFTAU05RQpnh6q8nGVFGGaUyVPITzDCdfL/8lnaO6fVxv3DRqzYsijjLZI/vkkNjklDTJFWmRNmEkIg/kiTwbsfFovBiv89aSUczskh8w3j4Bo1KSNw==</latexit>

Infer
<latexit sha1_base64="oBZx0gp36sy0HOc3evA+bjIAzY0=">AAAB83icbVDLSsNAFJ3UV62vqks3wSK4KokWH7uiG91VsA9oQplMb9qhk0mYuRFL6G+4caGIW3/GnX9jkgbxdeDC4Zx7ufceLxJco2V9GKWFxaXllfJqZW19Y3Orur3T0WGsGLRZKELV86gGwSW0kaOAXqSABp6Arje5zPzuHSjNQ3mL0wjcgI4k9zmjmEqOg3CPybX0Qc0G1ZpVt3KYf4ldkBop0BpU351hyOIAJDJBte7bVoRuQhVyJmBWcWINEWUTOoJ+SiUNQLtJfvPMPEiVoemHKi2JZq5+n0hooPU08NLOgOJY//Yy8T+vH6N/5iZcRjGCZPNFfixMDM0sAHPIFTAU05RQpnh6q8nGVFGGaUyVPITzDCdfL/8lnaO6fVxv3DRqzYsijjLZI/vkkNjklDTJFWmRNmEkIg/kiTwbsfFovBiv89aSUczskh8w3j4Bo1KSNw==</latexit>

for each
<latexit sha1_base64="1Pqtte3eZGs7QonGFdiw7V5t5QE=">AAAB+HicbVC7TsNAEDyHVwiPGChpTkRIVJEDEY8ugoYySOQhJVZ0vqyTU84P3a0RwcqX0FCAEC2fQsffYDsWAsJUo5ld7ew4oRQaLevTKCwtr6yuFddLG5tb22VzZ7etg0hxaPFABqrrMA1S+NBCgRK6oQLmORI6zuQq9Tt3oLQI/FuchmB7bOQLV3CGiTQwy32Ee4zdQFFgfDwbmBWramWgi6SWkwrJ0RyYH/1hwCMPfOSSad2rWSHaMVMouIRZqR9pCBmfsBH0EuozD7QdZ8Fn9DBRhjQ97gY+0kz9uREzT+up5ySTHsOx/uul4n9eL0L33I6FH0YIPp8fciNJMaBpC3QoFHCU04QwrkSSlfIxU4xj0lUpK+Eixen3y4ukfVytnVTrN/VK4zKvo0j2yQE5IjVyRhrkmjRJi3ASkUfyTF6MB+PJeDXe5qMFI9/ZI79gvH8BI+OTig==</latexit>

Context
<latexit sha1_base64="UmQoqPccZ4CBGZiOvXbG7Iu4HL8=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0VwVRItPnbFblxWsA9oQ5lMJ+3QyUyYuRFr6Je4caGIWz/FnX9j0gZR64HLPZxzL3Pn+JHgBhzn01paXlldWy9sFDe3tndK9u5ey6hYU9akSijd8YlhgkvWBA6CdSLNSOgL1vbH9cxv3zFtuJK3MImYF5Kh5AGnBFKpb5d6wO4hqSuZ9Wmxb5edijMDXiRuTsooR6Nvf/QGisYhk0AFMabrOhF4CdHAqWDTYi82LCJ0TIasm1JJQma8ZHb4FB+lygAHSqclAc/UnxsJCY2ZhH46GRIYmb9eJv7ndWMILryEyygGJun8oSAWGBTOUsADrhkFMUkJoZqnt2I6IppQSLOah3CZ4ez7y4ukdVJxTyvVm2q5dpXHUUAH6BAdIxedoxq6Rg3URBTF6BE9oxfrwXqyXq23+eiSle/so1+w3r8AFy+TgQ==</latexit>

Candidate
<latexit sha1_base64="65ZCuvyM/GBKfKxnMEB9KzX3RBE=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BIvgqaRa/LgVe/FYwX5AG8pmM2mXbjZhd1Isof/EiwdFvPpPvPlvTNMgan0w8Hhvhpl5biS4Rtv+NAorq2vrG8XN0tb2zu6euX/Q1mGsGLRYKELVdakGwSW0kKOAbqSABq6AjjtuzP3OBJTmobzHaQROQIeS+5xRTKWBafYRHjBpUOlxjyLMBmbZrtgZrGVSzUmZ5GgOzI++F7I4AIlMUK17VTtCJ6EKORMwK/VjDRFlYzqEXkolDUA7SXb5zDpJFc/yQ5WWRCtTf04kNNB6GrhpZ0BxpP96c/E/rxejf+UkXEYxgmSLRX4sLAyteQyWxxUwFNOUUKZ4eqvFRlRRhmlYpSyE6zkuvl9eJu2zSvW8Ururles3eRxFckSOySmpkktSJ7ekSVqEkQl5JM/kxUiMJ+PVeFu0Fox85pD8gvH+BRihlBk=</latexit>

Generate
<latexit sha1_base64="cQW0U74kmf/bCe0VA73gGbl6lk8=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoJVgETyXR4set6EGPFawttKFstpN26WYTdidiDf0lXjwo4tWf4s1/Y9IGUeuDgcd7M8zM8yLBNdr2p1FYWFxaXimultbWNzbL5tb2rQ5jxaDJQhGqtkc1CC6hiRwFtCMFNPAEtLzRRea37kBpHsobHEfgBnQguc8ZxVTqmeUuwj0mlyBBUYRJz6zYVXsKa544OamQHI2e+dHthywOQCITVOuOY0foJlQhZwImpW6sIaJsRAfQSamkAWg3mR4+sfZTpW/5oUpLojVVf04kNNB6HHhpZ0BxqP96mfif14nRP3UTLqMYQbLZIj8WFoZWloLV5woYinFKKFM8vdViQ6oowzSr0jSEswzH3y/Pk9vDqnNUrV3XKvXzPI4i2SV75IA45ITUyRVpkCZhJCaP5Jm8GA/Gk/FqvM1aC0Y+s0N+wXj/AnGFk70=</latexit>

s7 and s8
<latexit sha1_base64="i1LvOrmlc4ZxOM2mnek9wLpnwh8=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVVIttu6KblxWsA9oQphMpu3QySTM3Ig1FH/FjQtF3Pof7vwbkzaIWg9cOJxzL/fe40WCa7CsT2NhcWl5ZbWwVlzf2NzaNnd22zqMFWUtGopQdT2imeCStYCDYN1IMRJ4gnW80WXmd26Z0jyUNzCOmBOQgeR9Tgmkkmvua7dmA7uDxMZE+jaeaLfumiWrbE2B50klJyWUo+maH7Yf0jhgEqggWvcqVgROQhRwKtikaMeaRYSOyID1UipJwLSTTK+f4KNU8XE/VGlJwFP150RCAq3HgZd2BgSG+q+Xif95vRj6dSfhMoqBSTpb1I8FhhBnUWCfK0ZBjFNCqOLprZgOiSIU0sCK0xDOM5x9vzxP2iflymm5el0tNS7yOAroAB2iY1RBNdRAV6iJWoiie/SIntGL8WA8Ga/G26x1wchn9tAvGO9f6JaVAg==</latexit>

Abduction
<latexit sha1_base64="JSkJ0M9DUWW6fj4/oO2WlPVXgLo=">AAAB8HicbZDLSsNAFIZPvNZ6q7p0M1gEcVGSFrzsKm5cVrAXaUOZTCbt0JkkzEyEEvoUblwo4tbHcefbOEmDqPWHgY//nMOc83sxZ0rb9qe1tLyyurZe2ihvbm3v7Fb29jsqSiShbRLxSPY8rChnIW1rpjntxZJi4XHa9SbXWb37QKViUXinpzF1BR6FLGAEa2PdX3l+QjIaVqp2zc6FFsEpoAqFWsPKx8CPSCJoqAnHSvUdO9ZuiqVmhNNZeZAoGmMywSPaNxhiQZWb5gvP0LFxfBRE0rxQo9z9OZFiodRUeKZTYD1Wf2uZ+V+tn+jgwk1ZGCeahmT+UZBwpCOUXY98JinRfGoAE8nMroiMscREm4zKeQiXmc6+T16ETr3mNGqN23q1eVrEUYJDOIITcOAcmnADLWgDAQGP8AwvlrSerFfrbd66ZBUzB/BL1vsX6l+Qig==</latexit>

Exec
<latexit sha1_base64="Q1KT4AdIg+GtWPNNCmDKs8+KZyY=">AAAB8nicbVDJSgNBEO2JW4xb1KOXwSB4ChMNLregCB4jmAUmQ+jp1CRNeha6ayRhyGd48aCIV7/Gm39jz2QQNT4oeLxXRVU9NxJcoWV9GoWl5ZXVteJ6aWNza3unvLvXVmEsGbRYKELZdakCwQNoIUcB3UgC9V0BHXd8nfqdB5CKh8E9TiNwfDoMuMcZRS3ZPYQJJjcTYLN+uWJVrQzmIqnlpEJyNPvlj94gZLEPATJBlbJrVoROQiVyJmBW6sUKIsrGdAi2pgH1QTlJdvLMPNLKwPRCqStAM1N/TiTUV2rqu7rTpzhSf71U/M+zY/QunIQHUYwQsPkiLxYmhmb6vzngEhiKqSaUSa5vNdmISspQp1TKQrhMcfb98iJpn1Rrp9X6Xb3SuMrjKJIDckiOSY2ckwa5JU3SIoyE5JE8kxcDjSfj1XibtxaMfGaf/ILx/gXRiZG+</latexit>

Abduce
<latexit sha1_base64="28ZpLR1OqiuQNMhj/xSiWrAv/10=">AAAB7XicbVDLSsNAFL2pr1pfVZdugkV0VRILPnYVNy4r2Ae0oUwmk3bsZCbMTIQS+g9uXCji1v9x5984SYOo9cCFwzn3cu89fsyo0o7zaZWWlldW18rrlY3Nre2d6u5eR4lEYtLGggnZ85EijHLS1lQz0oslQZHPSNefXGd+94FIRQW/09OYeBEacRpSjLSROld+kGAyrNacupPDXiRuQWpQoDWsfgwCgZOIcI0ZUqrvOrH2UiQ1xYzMKoNEkRjhCRqRvqEcRUR5aX7tzD4ySmCHQpri2s7VnxMpipSaRr7pjJAeq79eJv7n9RMdXngp5XGiCcfzRWHCbC3s7HU7oJJgzaaGICypudXGYyQR1iagSh7CZYaz75cXSee07jbqjdvTWvO4iKMMB3AIJ+DCOTThBlrQBgz38AjP8GIJ68l6td7mrSWrmNmHX7DevwBtfI8U</latexit>

Abduce
<latexit sha1_base64="28ZpLR1OqiuQNMhj/xSiWrAv/10=">AAAB7XicbVDLSsNAFL2pr1pfVZdugkV0VRILPnYVNy4r2Ae0oUwmk3bsZCbMTIQS+g9uXCji1v9x5984SYOo9cCFwzn3cu89fsyo0o7zaZWWlldW18rrlY3Nre2d6u5eR4lEYtLGggnZ85EijHLS1lQz0oslQZHPSNefXGd+94FIRQW/09OYeBEacRpSjLSROld+kGAyrNacupPDXiRuQWpQoDWsfgwCgZOIcI0ZUqrvOrH2UiQ1xYzMKoNEkRjhCRqRvqEcRUR5aX7tzD4ySmCHQpri2s7VnxMpipSaRr7pjJAeq79eJv7n9RMdXngp5XGiCcfzRWHCbC3s7HU7oJJgzaaGICypudXGYyQR1iagSh7CZYaz75cXSee07jbqjdvTWvO4iKMMB3AIJ+DCOTThBlrQBgz38AjP8GIJ68l6td7mrSWrmNmHX7DevwBtfI8U</latexit>

Abduce
<latexit sha1_base64="28ZpLR1OqiuQNMhj/xSiWrAv/10=">AAAB7XicbVDLSsNAFL2pr1pfVZdugkV0VRILPnYVNy4r2Ae0oUwmk3bsZCbMTIQS+g9uXCji1v9x5984SYOo9cCFwzn3cu89fsyo0o7zaZWWlldW18rrlY3Nre2d6u5eR4lEYtLGggnZ85EijHLS1lQz0oslQZHPSNefXGd+94FIRQW/09OYeBEacRpSjLSROld+kGAyrNacupPDXiRuQWpQoDWsfgwCgZOIcI0ZUqrvOrH2UiQ1xYzMKoNEkRjhCRqRvqEcRUR5aX7tzD4ySmCHQpri2s7VnxMpipSaRr7pjJAeq79eJv7n9RMdXngp5XGiCcfzRWHCbC3s7HU7oJJgzaaGICypudXGYyQR1iagSh7CZYaz75cXSee07jbqjdvTWvO4iKMMB3AIJ+DCOTThBlrQBgz38AjP8GIJ68l6td7mrSWrmNmHX7DevwBtfI8U</latexit>

Abduce
<latexit sha1_base64="28ZpLR1OqiuQNMhj/xSiWrAv/10=">AAAB7XicbVDLSsNAFL2pr1pfVZdugkV0VRILPnYVNy4r2Ae0oUwmk3bsZCbMTIQS+g9uXCji1v9x5984SYOo9cCFwzn3cu89fsyo0o7zaZWWlldW18rrlY3Nre2d6u5eR4lEYtLGggnZ85EijHLS1lQz0oslQZHPSNefXGd+94FIRQW/09OYeBEacRpSjLSROld+kGAyrNacupPDXiRuQWpQoDWsfgwCgZOIcI0ZUqrvOrH2UiQ1xYzMKoNEkRjhCRqRvqEcRUR5aX7tzD4ySmCHQpri2s7VnxMpipSaRr7pjJAeq79eJv7n9RMdXngp5XGiCcfzRWHCbC3s7HU7oJJgzaaGICypudXGYyQR1iagSh7CZYaz75cXSee07jbqjdvTWvO4iKMMB3AIJ+DCOTThBlrQBgz38AjP8GIJ68l6td7mrSWrmNmHX7DevwBtfI8U</latexit>

Abduce
<latexit sha1_base64="28ZpLR1OqiuQNMhj/xSiWrAv/10=">AAAB7XicbVDLSsNAFL2pr1pfVZdugkV0VRILPnYVNy4r2Ae0oUwmk3bsZCbMTIQS+g9uXCji1v9x5984SYOo9cCFwzn3cu89fsyo0o7zaZWWlldW18rrlY3Nre2d6u5eR4lEYtLGggnZ85EijHLS1lQz0oslQZHPSNefXGd+94FIRQW/09OYeBEacRpSjLSROld+kGAyrNacupPDXiRuQWpQoDWsfgwCgZOIcI0ZUqrvOrH2UiQ1xYzMKoNEkRjhCRqRvqEcRUR5aX7tzD4ySmCHQpri2s7VnxMpipSaRr7pjJAeq79eJv7n9RMdXngp5XGiCcfzRWHCbC3s7HU7oJJgzaaGICypudXGYyQR1iagSh7CZYaz75cXSee07jbqjdvTWvO4iKMMB3AIJ+DCOTThBlrQBgz38AjP8GIJ68l6td7mrSWrmNmHX7DevwBtfI8U</latexit>

rNum
<latexit sha1_base64="VEDbfXRGlj7X2IwoShvMVKsBFuo=">AAAB+XicbVDLSsNAFJ3UV62vqEs3wSK4KokWH7uiG1dSwT6gjWUynbRDJ5Mwc1MsIX/ixoUibv0Td/6NkzSIrwMXDufcy733eBFnCmz7wygtLC4tr5RXK2vrG5tb5vZOW4WxJLRFQh7KrocV5UzQFjDgtBtJigOP0443ucz8zpRKxUJxC7OIugEeCeYzgkFLA9OUd0kf6D0AJNdxkKYDs2rX7BzWX+IUpIoKNAfme38YkjigAgjHSvUcOwI3wRIY4TSt9GNFI0wmeER7mgocUOUm+eWpdaCVoeWHUpcAK1e/TyQ4UGoWeLozwDBWv71M/M/rxeCfuQkTUQxUkPkiP+YWhFYWgzVkkhLgM00wkUzfapExlpiADquSh3Ce4eTr5b+kfVRzjmv1m3q1cVHEUUZ7aB8dIgedoga6Qk3UQgRN0QN6Qs9GYjwaL8brvLVkFDO76AeMt0+w/JR8</latexit>

rPos
<latexit sha1_base64="PjB46xSVPrQb7Yn3EKtcNm5WvEI=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0VwVRItPnZFNy4r2Ae0sUymk3boJBNmbool5E/cuFDErX/izr8xSYOo9cCFwzn3cu89bii4Bsv6NEpLyyura+X1ysbm1vaOubvX1jJSlLWoFFJ1XaKZ4AFrAQfBuqFixHcF67iT68zvTJnSXAZ3MAuZ45NRwD1OCaTSwDTVfdwH9gAAcVPqJBmYVatm5cCLxC5IFRVoDsyP/lDSyGcBUEG07tlWCE5MFHAqWFLpR5qFhE7IiPVSGhCfaSfOL0/wUaoMsSdVWgHgXP05ERNf65nvpp0+gbH+62Xif14vAu/CiXkQRsACOl/kRQKDxFkMeMgVoyBmKSFU8fRWTMdEEQppWJU8hMsMZ98vL5L2Sc0+rdVv69XGVRFHGR2gQ3SMbHSOGugGNVELUTRFj+gZvRix8WS8Gm/z1pJRzOyjXzDevwC0BpR+</latexit>

rType
<latexit sha1_base64="2ITrYdW3OTvpQkujKe+sOoZQMsk=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBFclUSLj13RjcsKfUEby2Q6aYdOHszcqCXmU9y4UMStX+LOv3GSFlHrgQuHc+7l3nvcSHAFlvVpLCwuLa+sFtaK6xubW9tmaaelwlhS1qShCGXHJYoJHrAmcBCsE0lGfFewtju+zPz2LZOKh0EDJhFzfDIMuMcpAS31zZK8SXrA7gEgaWg/Tftm2apYOfA8sWekjGao982P3iCksc8CoIIo1bWtCJyESOBUsLTYixWLCB2TIetqGhCfKSfJT0/xgVYG2AulrgBwrv6cSIiv1MR3dadPYKT+epn4n9eNwTtzEh5EMbCAThd5scAQ4iwHPOCSURATTQiVXN+K6YhIQkGnVcxDOM9w8v3yPGkdVezjSvW6Wq5dzOIooD20jw6RjU5RDV2hOmoiiu7QI3pGL8aD8WS8Gm/T1gVjNrOLfsF4/wKJ9JT4</latexit>

rSize
<latexit sha1_base64="lnAi/+4/T9yZJsnNkiHgpb1D5ts=">AAAB+nicbVDLSsNQEL2pr1pfqS7dBIvgqqRafOyKblxWtA9oa7m5nbSX3jy4d6LWmE9x40IRt36JO//GJA2i1gMDh3NmmJlj+YIrNM1PLTc3v7C4lF8urKyurW/oxc2m8gLJoME84cm2RRUI7kIDOQpo+xKoYwloWeOzxG/dgFTcc69w4kPPoUOX25xRjKW+XpTXYRfhDhHDS34PUdTXS2bZTGHMkkpGSiRDva9/dAceCxxwkQmqVKdi+tgLqUTOBESFbqDAp2xMh9CJqUsdUL0wPT0ydmNlYNiejMtFI1V/ToTUUWriWHGnQ3Gk/nqJ+J/XCdA+7oXc9QMEl00X2YEw0DOSHIwBl8BQTGJCmeTxrQYbUUkZxmkV0hBOEhx+vzxLmvvlykG5elEt1U6zOPJkm+yQPVIhR6RGzkmdNAgjt+SRPJMX7UF70l61t2lrTstmtsgvaO9ffzGU8Q==</latexit>

rColor
<latexit sha1_base64="Ket1KONmdzMXIPLPbOA8/cerhtI=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclUSLj13RjcsK9gFtLJPppB06mYSZG2kJ+RU3LhRx64+4829M0iBqPTBwOOdc7p3jhoJrsKxPY2l5ZXVtvbRR3tza3tk19yptHUSKshYNRKC6LtFMcMlawEGwbqgY8V3BOu7kOvM7D0xpHsg7mIXM8clIco9TAqk0MCvqPu4DmwJAnKeTZGBWrZqVAy8SuyBVVKA5MD/6w4BGPpNABdG6Z1shODFRwKlgSbkfaRYSOiEj1kupJD7TTpzfnuCjVBliL1Dpk4Bz9edETHytZ76bJn0CY/3Xy8T/vF4E3oUTcxlGwCSdL/IigSHAWRF4yBWjIGYpIVTx9FZMx0QRCmld5byEywxn319eJO2Tmn1aq9/Wq42roo4SOkCH6BjZ6Bw10A1qohaiaIoe0TN6MRLjyXg13ubRJaOY2Ue/YLx/AULllV8=</latexit>

{
<latexit sha1_base64="jFxfkYKM5kcyxNvNY2VKKDK+F7k=">AAAB6XicbVDLSsNAFL2pr1pfUZduBovgqiRafOyKblxWsQ9oQ5lMJ+3QySTMTIQS+gduXCji1j9y5984SYOo9cCFwzn3cu89fsyZ0o7zaZWWlldW18rrlY3Nre0de3evraJEEtoiEY9k18eKciZoSzPNaTeWFIc+px1/cp35nQcqFYvEvZ7G1AvxSLCAEayNdNdPB3bVqTk50CJxC1KFAs2B/dEfRiQJqdCEY6V6rhNrL8VSM8LprNJPFI0xmeAR7RkqcEiVl+aXztCRUYYoiKQpoVGu/pxIcajUNPRNZ4j1WP31MvE/r5fo4MJLmYgTTQWZLwoSjnSEsrfRkElKNJ8agolk5lZExlhiok04lTyEywxn3y8vkvZJzT2t1W/r1cZVEUcZDuAQjsGFc2jADTShBQQCeIRneLEm1pP1ar3NW0tWMbMPv2C9fwG0no2d</latexit>

{
<latexit sha1_base64="jFxfkYKM5kcyxNvNY2VKKDK+F7k=">AAAB6XicbVDLSsNAFL2pr1pfUZduBovgqiRafOyKblxWsQ9oQ5lMJ+3QySTMTIQS+gduXCji1j9y5984SYOo9cCFwzn3cu89fsyZ0o7zaZWWlldW18rrlY3Nre0de3evraJEEtoiEY9k18eKciZoSzPNaTeWFIc+px1/cp35nQcqFYvEvZ7G1AvxSLCAEayNdNdPB3bVqTk50CJxC1KFAs2B/dEfRiQJqdCEY6V6rhNrL8VSM8LprNJPFI0xmeAR7RkqcEiVl+aXztCRUYYoiKQpoVGu/pxIcajUNPRNZ4j1WP31MvE/r5fo4MJLmYgTTQWZLwoSjnSEsrfRkElKNJ8agolk5lZExlhiok04lTyEywxn3y8vkvZJzT2t1W/r1cZVEUcZDuAQjsGFc2jADTShBQQCeIRneLEm1pP1ar3NW0tWMbMPv2C9fwG0no2d</latexit>{
<latexit sha1_base64="jFxfkYKM5kcyxNvNY2VKKDK+F7k=">AAAB6XicbVDLSsNAFL2pr1pfUZduBovgqiRafOyKblxWsQ9oQ5lMJ+3QySTMTIQS+gduXCji1j9y5984SYOo9cCFwzn3cu89fsyZ0o7zaZWWlldW18rrlY3Nre0de3evraJEEtoiEY9k18eKciZoSzPNaTeWFIc+px1/cp35nQcqFYvEvZ7G1AvxSLCAEayNdNdPB3bVqTk50CJxC1KFAs2B/dEfRiQJqdCEY6V6rhNrL8VSM8LprNJPFI0xmeAR7RkqcEiVl+aXztCRUYYoiKQpoVGu/pxIcajUNPRNZ4j1WP31MvE/r5fo4MJLmYgTTQWZLwoSjnSEsrfRkElKNJ8agolk5lZExlhiok04lTyEywxn3y8vkvZJzT2t1W/r1cZVEUcZDuAQjsGFc2jADTShBQQCeIRneLEm1pP1ar3NW0tWMbMPv2C9fwG0no2d</latexit>

{
<latexit sha1_base64="jFxfkYKM5kcyxNvNY2VKKDK+F7k=">AAAB6XicbVDLSsNAFL2pr1pfUZduBovgqiRafOyKblxWsQ9oQ5lMJ+3QySTMTIQS+gduXCji1j9y5984SYOo9cCFwzn3cu89fsyZ0o7zaZWWlldW18rrlY3Nre0de3evraJEEtoiEY9k18eKciZoSzPNaTeWFIc+px1/cp35nQcqFYvEvZ7G1AvxSLCAEayNdNdPB3bVqTk50CJxC1KFAs2B/dEfRiQJqdCEY6V6rhNrL8VSM8LprNJPFI0xmeAR7RkqcEiVl+aXztCRUYYoiKQpoVGu/pxIcajUNPRNZ4j1WP31MvE/r5fo4MJLmYgTTQWZLwoSjnSEsrfRkElKNJ8agolk5lZExlhiok04lTyEywxn3y8vkvZJzT2t1W/r1cZVEUcZDuAQjsGFc2jADTShBQQCeIRneLEm1pP1ar3NW0tWMbMPv2C9fwG0no2d</latexit>

{
<latexit sha1_base64="jFxfkYKM5kcyxNvNY2VKKDK+F7k=">AAAB6XicbVDLSsNAFL2pr1pfUZduBovgqiRafOyKblxWsQ9oQ5lMJ+3QySTMTIQS+gduXCji1j9y5984SYOo9cCFwzn3cu89fsyZ0o7zaZWWlldW18rrlY3Nre0de3evraJEEtoiEY9k18eKciZoSzPNaTeWFIc+px1/cp35nQcqFYvEvZ7G1AvxSLCAEayNdNdPB3bVqTk50CJxC1KFAs2B/dEfRiQJqdCEY6V6rhNrL8VSM8LprNJPFI0xmeAR7RkqcEiVl+aXztCRUYYoiKQpoVGu/pxIcajUNPRNZ4j1WP31MvE/r5fo4MJLmYgTTQWZLwoSjnSEsrfRkElKNJ8agolk5lZExlhiok04lTyEywxn3y8vkvZJzT2t1W/r1cZVEUcZDuAQjsGFc2jADTShBQQCeIRneLEm1pP1ar3NW0tWMbMPv2C9fwG0no2d</latexit>

Executor
<latexit sha1_base64="mIcqIp/WuZCfSxBWq7WvIXAvcRE=">AAAB+HicbVDLSsNQEL2pr1ofjbp0EyyCq5Jo8bEriuCygn1AG8rN7aS99ObBvRNpDf0SNy4UceunuPNvTNIgaj0wcDhnhpk5Tii4QtP81ApLyyura8X10sbm1nZZ39ltqSCSDJosEIHsOFSB4D40kaOATiiBeo6AtjO+Sv32PUjFA/8OpyHYHh363OWMYiL19XIPYYLx9QRYhIGc9fWKWTUzGIvEykmF5Gj09Y/eIGCRBz4yQZXqWmaIdkwlciZgVupFCkLKxnQI3YT61ANlx9nhM+MwUQaGG8ikfDQy9edETD2lpp6TdHoUR+qvl4r/ed0I3XM75n4YIfhsvsiNhIGBkaZgDLgEhmKaEMokT2412IhKyjDJqpSFcJHi9PvlRdI6rlon1dptrVK/zOMokn1yQI6IRc5IndyQBmkSRiLySJ7Ji/agPWmv2tu8taDlM3vkF7T3L6iSk+E=</latexit>

P (Pos)
<latexit sha1_base64="U4ZdnimrtScZurVT7HavLm86/04=">AAAB+HicbVDLSsNAFJ3UV62PRl26CRahbkqqxceu6MZlBPuANpTJdNIOnUzCzI1YQ7/EjQtF3Pop7vwbJ2kQtR64cDjnXu69x4s4U2Dbn0ZhaXllda24XtrY3Noumzu7bRXGktAWCXkoux5WlDNBW8CA024kKQ48Tjve5Cr1O3dUKhaKW5hG1A3wSDCfEQxaGphlp9oHeg8AiROq2dHArNg1O4O1SOo5qaAczsD86A9DEgdUAOFYqV7djsBNsARGOJ2V+rGiESYTPKI9TQUOqHKT7PCZdaiVoeWHUpcAK1N/TiQ4UGoaeLozwDBWf71U/M/rxeCfuwkTUQxUkPkiP+YWhFaagjVkkhLgU00wkUzfapExlpiAzqqUhXCR4vT75UXSPq7VT2qNm0aleZnHUUT76ABVUR2doSa6Rg5qIYJi9Iie0YvxYDwZr8bbvLVg5DN76BeM9y/EBJNN</latexit>

P (Num)
<latexit sha1_base64="YriSKLFZ3exkG68eRHXsi+RvgjI=">AAAB+HicbVDLSsNAFJ34rPXRqEs3wSLUTUm0+NgV3biSCvYBbSiT6aQdOpmEmRuxhn6JGxeKuPVT3Pk3TtIgaj1w4XDOvdx7jxdxpsC2P42FxaXlldXCWnF9Y3OrZG7vtFQYS0KbJOSh7HhYUc4EbQIDTjuRpDjwOG1748vUb99RqVgobmESUTfAQ8F8RjBoqW+WGpUe0HsASK7jYHrYN8t21c5gzRMnJ2WUo9E3P3qDkMQBFUA4Vqrr2BG4CZbACKfTYi9WNMJkjIe0q6nAAVVukh0+tQ60MrD8UOoSYGXqz4kEB0pNAk93BhhG6q+Xiv953Rj8MzdhIoqBCjJb5MfcgtBKU7AGTFICfKIJJpLpWy0ywhIT0FkVsxDOU5x8vzxPWkdV57hau6mV6xd5HAW0h/ZRBTnoFNXRFWqgJiIoRo/oGb0YD8aT8Wq8zVoXjHxmF/2C8f4FwPqTSw==</latexit>

P (Color)
<latexit sha1_base64="sTnlMhZrs+1Qrs7fi1qUXInDdws=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBHqpiRafOyKblxWsA9oQ5lMJ+3QySTM3Kgl9lPcuFDErV/izr8xSYOo9cDA4ZxzuXeOGwquwbI+jYXFpeWV1cJacX1jc2vbLO20dBApypo0EIHquEQzwSVrAgfBOqFixHcFa7vjy9Rv3zKleSBvYBIyxydDyT1OCSRS3yw1Kj1g9wAQZ+HpYd8sW1UrA54ndk7KKEejb370BgGNfCaBCqJ117ZCcGKigFPBpsVepFlI6JgMWTehkvhMO3F2+hQfJMoAe4FKngScqT8nYuJrPfHdJOkTGOm/Xir+53Uj8M6cmMswAibpbJEXCQwBTnvAA64YBTFJCKGKJ7diOiKKUEjaKmYlnKc4+f7yPGkdVe3jau26Vq5f5HUU0B7aRxVko1NUR1eogZqIojv0iJ7Ri/FgPBmvxtssumDkM7voF4z3L1E5lC4=</latexit>

P (Type)
<latexit sha1_base64="Bf4PqkGtHSDFbCmEAgTkKbZ9IK0=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0Wom5Jo8bErunFZoS9oQ5lMJ+3QyYOZm2IJ/RM3LhRx65+482+cpEHUeuDC4Zx7ufceNxJcgWV9GoWV1bX1jeJmaWt7Z3fP3D9oqzCWlLVoKELZdYliggesBRwE60aSEd8VrONOblO/M2VS8TBowixijk9GAfc4JaClgWk2Kn1gDwCQNLU9Px2YZatqZcDLxM5JGeVoDMyP/jCksc8CoIIo1bOtCJyESOBUsHmpHysWETohI9bTNCA+U06SXT7HJ1oZYi+UugLAmfpzIiG+UjPf1Z0+gbH666Xif14vBu/KSXgQxcACuljkxQJDiNMY8JBLRkHMNCFUcn0rpmMiCQUdVikL4TrFxffLy6R9VrXPq7X7Wrl+k8dRREfoGFWQjS5RHd2hBmohiqboET2jFyMxnoxX423RWjDymUP0C8b7F5kdk8c=</latexit>

P (Size)
<latexit sha1_base64="SjLlHVdYK1O6KZsVB3LN2826COU=">AAAB+XicbVDLSsNQEL3xWesr6tJNsAh1UxItPnZFNy4r2ge0odzcTtpLbx7cOynW0D9x40IRt/6JO//GJA2i1gMDh3NmmJnjhIIrNM1PbWFxaXlltbBWXN/Y3NrWd3abKogkgwYLRCDbDlUguA8N5CigHUqgniOg5YyuUr81Bql44N/hJATbowOfu5xRTKSertfLXYR7RIxv+QNMj3p6yayYGYx5YuWkRHLUe/pHtx+wyAMfmaBKdSwzRDumEjkTMC12IwUhZSM6gE5CfeqBsuPs8qlxmCh9ww1kUj4amfpzIqaeUhPPSTo9ikP110vF/7xOhO65HXM/jBB8NlvkRsLAwEhjMPpcAkMxSQhlkie3GmxIJWWYhFXMQrhIcfr98jxpHlesk0r1plqqXeZxFMg+OSBlYpEzUiPXpE4ahJExeSTP5EWLtSftVXubtS5o+cwe+QXt/QuOWpPA</latexit>

Position Abduction
<latexit sha1_base64="22RzhzIvWaUk3Cq9gHOkbKNgi/8=">AAAB+3icbZBLSwMxFIXv1Fetr1qXboJFcVWmLfjYVdy4rGAf0A4lk8m0oZnMkGTEMvSvuHGhiFv/iDv/jZnpIGo9EPg4516SHDfiTGnb/rQKK6tr6xvFzdLW9s7uXnm/0lVhLAntkJCHsu9iRTkTtKOZ5rQfSYoDl9OeO71O8949lYqF4k7PIuoEeCyYzwjWxhqVK+1QsRTRlevFZGFW7ZqdCS1DPYcq5GqPyh9DLyRxQIUmHCs1qNuRdhIsNSOczkvDWNEIkyke04FBgQOqnCR7+xwdG8dDfijNERpl7s+NBAdKzQLXTAZYT9TfLDX/ywax9i+chIko1lSQxUV+zJEOUVoE8pikRPOZAUyk6YAgMsESE23qKmUlXKY6+/7yMnQbtXqz1rxtVFsneR1FOIQjOIU6nEMLbqANHSDwAI/wDC/W3HqyXq23xWjByncO4Jes9y8ZoZSG</latexit>

Number Abduction
<latexit sha1_base64="7qkKCmBpsbDf+sSmeKXYNYsbbwQ=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0VxVZIWfOwqblxJBfuANpTJZNIOnZmEmUmhhP6JGxeKuPVP3Pk3TtIgaj1w4XDOvdx7jx8zqrTjfFqlldW19Y3yZmVre2d3z94/6KgokZi0ccQi2fORIowK0tZUM9KLJUHcZ6TrT24yvzslUtFIPOhZTDyORoKGFCNtpKFt3yXcJxJe+0GCF1LVqTk54DJxC1IFBVpD+2MQRDjhRGjMkFJ914m1lyKpKWZkXhkkisQIT9CI9A0ViBPlpfnlc3hilACGkTQlNMzVnxMp4krNuG86OdJj9dfLxP+8fqLDSy+lIk40EXixKEwY1BHMYoABlQRrNjMEYUnNrRCPkURYm7AqeQhXGc6/X14mnXrNbdQa9/Vq87SIowyOwDE4Ay64AE1wC1qgDTCYgkfwDF6s1HqyXq23RWvJKmYOwS9Y719a15OG</latexit>

Type Abduction
<latexit sha1_base64="CyhK0CisWKOW521BBhKd8dpcvEc=">AAAB9XicbVDLSsNAFL3xWeur6tLNYFFclaQFH7uKG5cV+oI2lslk0g6dTMLMRCml/+HGhSJu/Rd3/o2TNIhaD1w4c869zL3HizlT2rY/raXlldW19cJGcXNre2e3tLffVlEiCW2RiEey62FFORO0pZnmtBtLikOP0443vk79zj2VikWiqScxdUM8FCxgBGsj3TWNhK48PyHpc1Aq2xU7A1okTk7KkKMxKH30/YgkIRWacKxUz7Fj7U6x1IxwOiv2E0VjTMZ4SHuGChxS5U6zrWfo2Cg+CiJpSmiUqT8npjhUahJ6pjPEeqT+eqn4n9dLdHDhTpmIE00FmX8UJBzpCKURIJ9JSjSfGIKJZGZXREZYYqJNUMUshMsUZ98nL5J2teLUKrXbarl+ksdRgEM4glNw4BzqcAMNaAEBCY/wDC/Wg/VkvVpv89YlK585gF+w3r8AYBmSeg==</latexit>

Size Abduction
<latexit sha1_base64="94u8RkDep6CA4zA62Bs5nVNdU08=">AAAB9XicbVDLSsNAFL2pr1pfVZduBoviqiQt+NhV3LisaB/QxjKZTNqhkwczE6WG/ocbF4q49V/c+TdO0iBqPXDhzDn3MvceJ+JMKtP8NAoLi0vLK8XV0tr6xuZWeXunLcNYENoiIQ9F18GSchbQlmKK024kKPYdTjvO+CL1O3dUSBYGN2oSUdvHw4B5jGClpdtr9kDRuePGJH0OyhWzamZA88TKSQVyNAflj74bktingSIcS9mzzEjZCRaKEU6npX4saYTJGA9pT9MA+1TaSbb1FB1oxUVeKHQFCmXqz4kE+1JOfEd3+liN5F8vFf/zerHyTu2EBVGsaEBmH3kxRypEaQTIZYISxSeaYCKY3hWRERaYKB1UKQvhLMXx98nzpF2rWvVq/apWaRzmcRRhD/bhCCw4gQZcQhNaQEDAIzzDi3FvPBmvxtustWDkM7vwC8b7F1UeknM=</latexit>
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Figure 2. An overview of learning and reasoning of the proposed PrAE learner. Given an RPM instance, the neural perception frontend
(in red) extracts probabilistic scene representation for each of the 16 panels (8 contexts + 8 candidates). The Object CNN sub-module
takes in each image region returned by a sliding window to produce object attribute distributions (over objectiveness, type, size, and
color). The Scene Inference Engine sub-module (in pink) aggregates object attribute distributions from all regions to produce panel
attribute distributions (over position, number, type, size, and color). Probabilistic representation for context panels is fed into the symbolic
reasoning backend (in blue), which abduces hidden rule distributions for all panel attributes (upper-right figure) and executes chosen rules
on corresponding context panels to generate the answer representation (lower-right figure). The answer representation is compared with
each candidate representation from the perception frontend; the candidate with minimum divergence from the prediction is chosen as the
final answer. The lower-right figure is an example of probabilistic execution on the panel attribute of Number; see Section 3.2 for the exact
computation process.

(whether the image region has an object), type, size, and
color. Of note, the distributions of type, size, and color are
conditioned on objectiveness being true. Attribute distribu-
tions of each image region are kept and sent to the scene
inference engine to produce panel attribute distributions.

Scene Inference Engine The scene inference engine
takes in the outputs of object CNN and produces panel at-
tribute distributions (over position, number, type, size, and
color) by marginalizing over the set of object attribute dis-
tributions (over objectiveness, type, size, and color). Take
the panel attribute of Number as an example: Given N ob-
jectiveness probability distributions produced by the object
CNN forN image regions, the probability of a panel having
k objects can be computed as

P pNumber “ kq “
ÿ

Bo
Pt0,1uN

|Bo
|“k

N
ź

j“1

P pboj “ Boj q, (1)

where Bo is an ordered binary sequence corresponding to
objectiveness of the N regions, | ¨ | the number of 1 in the
sequence, and P pbojq the objectiveness distribution of the
jth region. We assume k ě 1 in each RPM panel, leave
P pNumber “ 0q out, and renormalize the probability to

have a sum of 1. The panel attribute distributions for po-
sition, type, size, and color, can be computed similarly.

We refer to the set of all panel attribute distributions in
a panel its probabilistic scene representation, denoted as s,
with the distribution of panel attribute a denoted as P psaq.

3.2. Symbolic Logical Reasoning

The symbolic logical reasoning backend collects proba-
bilistic scene representation from 8 context panels, abduces
the probability distributions over hidden rules on each panel
attribute, and executes them on corresponding panels of the
context. Based on a prior study [3], we assume a set of
symbolic logical constraints describing rules is available.
For example, the Arithmetic plus rule on Number can be
represented as: for each row (column), @l,m ě 1

pNumber1 “ mq ^ pNumber2 “ lq ^ pNumber3 “ m` lq, (2)

where Numberi denotes the number of objects in the ith
panel in a row (column). With access to such constraints,
we use inverse dynamics to abduce the rules in an instance.
They can also be transformed into a forward model and exe-
cuted on discrete symbols: For instance, Arithmetic plus
deterministically adds Number in the first two panels to ob-
tain the Number of the last panel.



Probabilistic Abduction Given the probabilistic
scene representation of 8 context panels, the probabilistic
abduction engine calculates the probability of rules for each
panel attribute via inverse dynamics. Formally, for each
rule r on a panel attribute a,

P pra | I1, . . . , I8q “ P pra | Ia1 , . . . , I
a
8 q, (3)

where Ii denotes the ith context panel, and Iai the compo-
nent of context panel Ii corresponding to a. Note Eq. (3)
generalizes inverse dynamics [28] to 8 states, in contrast to
that of a conventional MDP.

To model P pra | Ia1 , . . . , I
a
8 q, we leverage the compact

probabilistic scene representation with respect to attribute a
and logical constraints:

P pra | Ia1 , . . . , I
a
8 q9

ÿ

SaPvalidpraq

8
ź

i“1

P psai “ Sai q, (4)

where validp¨q returns a set of attribute value assignments
of the context panels that satisfy the logical constraints of
ra, and i indexes into context panels. By going over all
panel attributes, we have the distribution of hidden rules for
each of them.

Take Arithmetic plus on Number as an exam-
ple. A row-major assignment for context panels can be
r1, 2, 3, 1, 3, 4, 1, 2s (as in Fig. 2), whose probability is com-
puted as the product of each panel having k objects as in
Eq. (1). Summing it with other assignment probabilities
gives an unnormalized rule probability.

We note that the set of valid states for each ra is a product
space of valid states on each row (column). Therefore, we
can perform partial marginalization on each row (column)
first and aggregate them later to avoid directly marginal-
izing over the entire space. This decomposition will help
reduce computation and mitigate numerical instability.

Probabilistic Execution For each panel attribute a,
the probabilistic execution engine chooses a rule from the
abduced rule distribution and executes it on correspond-
ing context panels to predict, in a generative fashion, the
panel attribute distribution of an answer. While tradition-
ally, a logical forward model only works on discrete sym-
bols, we follow a generalized notion of probabilistic execu-
tion as done in probabilistic planning [21, 31]. The prob-
abilistic execution could be treated as a distribution trans-
formation that redistributes the probability mass based on
logical rules. For a binary rule r on a,

P psa3 “ Sa
3 q9

ÿ

pSa
2 ,Sa

1 qPprepr
aq

Sa
3“fpSa

2 ,Sa
1 ;raq

P psa2 “ Sa
2 qP ps

a
1 “ Sa

1 q, (5)

where f is the forward model transformed from logical con-
straints and prep¨q the rule precondition set. Predicted dis-
tributions of panel attributes compose the final probabilistic
scene representation sf .

As an example of Arithmetic plus on Number, 4 ob-
jects result from the addition of p1, 3q, p2, 2q, and p3, 1q.
The probability of an answer having 4 objects is the sum of
the instances’ probabilities.

During training, the execution engine samples a rule
from the abduced probability. During testing, the most
probable rule is chosen.

Candidate Selection With a set of predicted panel at-
tribute distributions, we compare it with that from each can-
didate answer. We use the Jensen–Shannon Divergence
(JSD) [34] to quantify the divergence between the predic-
tion and the candidate, i.e.,

dpsf , siq “
ÿ

a

DJSDpP ps
a
f q || P ps

a
i qq, (6)

where the summation is over panel attributes and i indexes
into the candidate panels. The candidate with minimum di-
vergence will be chosen as the final answer.

Discussion The design of reasoning as probabilistic
abduction and execution is a computational and inter-
pretable counterpart to human-like reasoning in RPM [3].
By abduction, one infers the hidden rules from context pan-
els. By executing the abduced rules, one obtains a prob-
abilistic answer representation. Such a probabilistic rep-
resentation is compared with all candidates available; the
most similar one in terms of divergence is picked as the final
answer. Note that the probabilistic execution adds the gen-
erative flavor into reasoning: Eq. (5) depicts the predicted
panel attribute distribution, which can be sampled and sent
to a rendering engine for panel generation. The entire pro-
cess resembles bi-directional inference and combines both
top-down and bottom-up reasoning missing in prior works.
In the meantime, the design addresses challenges mentioned
in Section 1 by marginalizing over perception and abducing
and executing rules probabilistically.

3.3. Learning Objective

During training, we transform the divergence in Eq. (6)
into a probability distribution by

P pAnswer “ iq9 expp´dpsf , siqq (7)

and minimize the cross-entropy loss. Note that the learn-
ing procedure follows a general paradigm of analysis-by-
synthesis [4, 14, 16, 22, 23, 36, 62, 63, 64, 65, 69, 77]: The
learner synthesizes a result and measures difference analyt-
ically.

As the reasoning process involves rule selection, we use
REINFORCE [61] to optimize:

min
θ

EP prqr`pP pAnswer; rq, yqs, (8)

where θ denotes the trainable parameters in the object CNN,
P prq packs the rule distributions over all panel attributes,



` is the cross-entropy loss, and y is the ground-truth an-
swer. Note that here we make explicit the dependency of
the answer distribution on rules, as the predicted probabilis-
tic scene representation sf is dependent on the rules chosen.

In practice, the PrAE learner experiences difficulty in
convergence with cross-entropy loss only, as the object
CNN fails to produce meaningful object attribute predic-
tions at the early stage of training. To resolve this issue, we
jointly train the PrAE learner to optimize the auxiliary loss,
as discussed in recent literature [53, 70, 72]. The auxiliary
loss regularizes the perception module such that the learner
produces the correct rule prediction. The final objective is

min
θ

EP prqr`pP pAnswer; rq, yqs `
ÿ

a

λa`pP praq, yaq, (9)

where λa is the weight coefficient, P praq the distribution
of the abduced rule on a, and ya the ground-truth rule. In
reinforcement learning terminology, one can treat the cross-
entropy loss as the negative reward and the auxiliary loss as
behavior cloning [58].

3.4. Curriculum Learning

In preliminary experiments, we notice that accurate ob-
jectiveness prediction at the early stage is essential to the
success of the learner, while learning without auxiliary
will reinforce the perception system to produce more ac-
curate object attribute predictions in the later stage when all
branches of the object CNN are already warm-started. This
observation is consistent with human learning: One learns
object attributes only after they can correctly distinguish ob-
jects from the scene, and their perception will be enhanced
with positive signals from the task.

Based on this observation, we train our PrAE learner in
a 3-stage curriculum [2]. In the first stage, only parameters
corresponding to objectiveness are trained. In the second
stage, objectiveness parameters are frozen while weights re-
sponsible for type, size, and color prediction are learned. In
the third stage, we perform joint fine-tuning for the entire
model via REINFORCE [61].

4. Experiments

We demonstrate the efficacy of the proposed PrAE
learner in RPM. In particular, we show that the PrAE
learner achieves the best performance among all baselines
in the cross-configuration generalization task of RPM. In
addition, the modularized perception and reasoning process
allows us to probe into how each module performs in the
RPM task and analyze the PrAE learner’s strengths and
weaknesses. Furthermore, we show that probabilistic scene
representation learned by the PrAE learner can be used to
generate an answer when equipped with a rendering engine.

4.1. Experimental Setup

We evaluate the proposed PrAE learner on RAVEN [70]
and I-RAVEN [20]. Both datasets consist of 7 distinct
RPM configurations, each of which contains 10, 000 sam-
ples, equally divided into 6 folds for training, 2 folds for
validation, and 2 folds for testing. We compare our PrAE
learner with simple baselines of LSTM, CNN, and ResNet,
and strong baselines of WReN [53], ResNet+DRT [70],
LEN [75], CoPINet [72], MXGNet [59], and SRAN [20].
To measure cross-configuration generalization, we train all
models using the 2x2Grid configuration due to its proper
complexity for probability marginalization and a sufficient
number of rules on each panel attribute. We test the models
on all other configurations. All models are implemented in
PyTorch [48] and optimized using ADAM [30] on an Nvidia
Titan Xp GPU. For numerical stability, we use log probabil-
ity in PrAE.

4.2. Cross-Configuration Generalization

Table 1 shows the cross-configuration generalization per-
formance of different models. While advanced models like
WReN, LEN, MXGNet, and SRAN have fairly good fit-
ting performance on the training regime, these models fail
to learn transferable representation for other configurations,
which suggests that they do not learn logics or any forms
of abstraction but visual appearance only. Simpler base-
lines like LSTM, CNNs, ResNet, and ResNet+DRT show
less severe overfitting, but neither do they demonstrate sat-
isfactory performance. This effect indicates that using only
deep models in abstract visual reasoning makes it very diffi-
cult to acquire the generalization capability required in sit-
uations with similar inner mechanisms but distinctive ap-
pearances. By leveraging the notion of contrast, CoPINet
improves generalization performance by a notable margin.

Equipped with symbolic reasoning and neural percep-
tion, not only does the PrAE learner achieve the best per-
formance among all models, but it also shows performance
better than humans on three configurations. Compared to
baselines trained on the full dataset (see supplementary ma-
terial), the PrAE learner surpasses all other models on the
2x2Grid domain, despite other models seeing 6 times more
data. The PrAE learner does not exhibit strong overfitting
either, achieving comparable and sometimes better perfor-
mance on Center, L-R, and U-D. However, limitations of
the PrAE learner do exist. In cases with overlap (O-IC and
O-IG), the performance decreases, and a devastating result
is observed on 3x3Grid. The first failure is due to the do-
main shift in the region appearance that neural models can-
not handle, and the second could be attributed to marginal-
ization over probability distributions of multiple objects in
3x3Grid, where uncertainties from all objects accumulate,
leading to inaccurate abduced rule distributions. These ob-
servations are echoed in our analysis shown next.



Method Acc Center 2x2Grid 3x3Grid L-R U-D O-IC O-IG

WReN 9.86{14.87 8.65{14.25 29.60{20.50 9.75{15.70 4.40{13.75 5.00{13.50 5.70{14.15 5.90{12.25
LSTM 12.81{12.52 12.70{12.55 13.80{13.50 12.90{11.35 12.40{14.30 12.10{11.35 12.45{11.55 13.30{13.05
LEN 12.29{13.60 11.85{14.85 41.40{18.20 12.95{13.35 3.95{12.55 3.95{12.75 5.55{11.15 6.35{12.35
CNN 14.78{12.69 13.80{11.30 18.25{14.60 14.55{11.95 13.35{13.00 15.40{13.30 14.35{11.80 13.75{12.85
MXGNet 20.78{13.07 12.95{13.65 37.05{13.95 24.80{12.50 17.45{12.50 16.80{12.05 18.05{12.95 18.35{13.90
ResNet 24.79{13.19 24.30{14.50 25.05{14.30 25.80{12.95 23.80{12.35 27.40{13.55 25.05{13.40 22.15{11.30
ResNet+DRT 31.56{13.26 31.65{13.20 39.55{14.30 35.55{13.25 25.65{12.15 32.05{13.10 31.40{13.70 25.05{13.15
SRAN 15.56{29.06 18.35{37.55 38.80{38.30 17.40{29.30 9.45{29.55 11.35{28.65 5.50{21.15 8.05{18.95
CoPINet 52.96{22.84 49.45{24.50 61.55{31.10 52.15{25.35 68.10{20.60 65.40{19.85 39.55{19.00 34.55{19.45
PrAE Learner 65.03{77.02 76.50{90.45 78.60{85.35 28.55{45.60 90.05{96.25 90.85{97.35 48.05{63.45 42.60{60.70

Human 84.41 95.45 81.82 79.55 86.36 81.81 86.36 81.81

Table 1. Model performance (%) on RAVEN / I-RAVEN. All models are trained on 2x2Grid only. Acc denotes the mean accuracy.
Following Zhang et al. [70], L-R is short for the Left-Right configuration, U-D Up-Down, O-IC Out-InCenter, and O-IG Out-InGrid.

Object Attribute Acc Center 2x2Grid 3x3Grid L-R U-D O-IC O-IG

Objectiveness 93.81{95.41 96.13{96.07 99.79{99.99 99.71{97.98 99.56{95.00 99.86{94.84 71.73{88.05 82.07{95.97
Type 86.29{89.24 89.89{89.33 99.95{95.93 83.49{85.96 99.92{92.90 99.85{97.84 91.55{91.86 66.68{70.85
Size 64.72{66.63 68.45{69.11 71.26{73.20 71.42{62.02 73.00{85.08 73.41{73.45 53.54{62.63 44.36{40.95
Color 75.26{79.45 75.15{75.65 85.15{87.81 62.69{69.94 85.27{83.24 84.45{81.38 84.91{75.32 78.48{82.84

Table 2. Accuracy (%) of the object CNN on each attribute, reported as RAVEN / I-RAVEN. The CNN module is trained with the PrAE
learner on 2x2Grid only without any visual attribute annotations. Acc denotes the mean accuracy on each attribute.

Panel Attribute Acc Center 2x2Grid 3x3Grid L-R U-D O-IC O-IG

Pos/Num 90.53{91.67 - 90.55{90.05 92.80{94.10 - - - 88.25{90.85
Type 94.17{92.15 100.00{95.00 99.75{95.30 63.95{68.40 100.00{99.90 100.00{100.00 100.00{100.00 86.08{77.60
Size 90.06{88.33 98.95{99.00 90.45{89.90 65.30{70.45 98.15{96.78 99.45{92.45 93.08{96.13 77.35{70.78
Color 87.38{87.25 97.60{93.75 88.10{85.35 37.45{45.65 98.90{92.38 99.40{98.43 92.90{97.23 73.75{79.48

Table 3. Accuracy (%) of the probabilistic abduction engine on each attribute, reported as RAVEN / I-RAVEN. The PrAE learner is trained
on 2x2Grid only. Acc denotes the mean accuracy on each attribute.

4.3. Analysis on Perception and Reasoning

RAVEN and I-RAVEN provide multiple levels of an-
notations for us to analyze our modularized PrAE learner.
Specifically, we use the region-based attribute annotations
to evaluate our object CNN in perception. Note that the ob-
ject CNN is not trained using any attribute annotations. We
also use the ground-truth rule annotations to evaluate the
accuracy of the probabilistic abduction engine.

Table 2 details the analysis of perception using the ob-
ject CNN: It achieves reasonable performance on object
attribute prediction, though not trained with any visual at-
tribute annotations. The model shows a relatively accurate
prediction of objectiveness in order to solve an RPM in-
stance. Compared to the size prediction accuracy, the ob-
ject CNN is better at predicting texture-related attributes
of type and color. The object CNN has similar results on
2x2Grid, L-R, and U-D. However, referencing Table 1, we
notice that 2x2Grid requires marginalization over more ob-
jects, resulting in an inferior performance. Accuracy further
drops on configurations with overlap, leading to unsatisfac-
tory results on O-IC and O-IG. For 3x3Grid, more accurate
predictions are necessary as uncertainties accumulate from
probabilities over multiple objects.

Table 3 details the analysis on reasoning, showing how
the probabilistic abduction engine performs on rule predic-
tion for each attribute across different configurations. Since
rules on position and number are exclusive, we merge their
performance as Pos/Num. As Center, L-R, U-D, and O-IC
do not involve rules on Pos/Num, we do not measure the
abduction performance on them. We note that, in general,
the abduction engine shows good performance on all panel
attributes, with a perfect prediction on type in certain con-
figurations. However, the design of abduction as probability
marginalization is a double-edged sword. While the object
CNN’s performance on size prediction is only marginally
different on 2x2Grid and 3x3Grid in RAVEN, their abduc-
tion accuracies drastically vary. The difference occurs be-
cause uncertainties on object attributes accumulate during
marginalization as the number of objects increases, even-
tually leading to poor performance on rule prediction and
answer selection. However, on configurations with fewer
objects, unsatisfactory object attribute predictions can still
produce accurate rule predictions. Note there is no guaran-
tee that a correct rule will necessarily lead to a correct final
choice, as the selected rule still operates on panel attribute
distributions inferred from object attribute distributions.
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Figure 3. Two RPM instances with the final 9th panels filled by our
generation results. The ground-truth selections are highlighted in
red squares, and the ground-truth rules in each instance are listed.
There are no rules on position and number in the first instance of
the Center configuration, and the rules on position and number are
exclusive in the second instance of 2x2Grid.

4.4. Generation Ability

One unique property of the proposed PrAE learner is its
ability to directly generate a panel from the predicted repre-
sentation when a rendering engine is given. The ability re-
sembles the bi-directional top-down and bottom-up reason-
ing, adding a generative flavor commonly ignored in prior
discriminative-only approaches [17, 20, 53, 59, 70, 72, 75].
As the PrAE learner predicts final panel attribute distribu-
tions and is trained in an analysis-by-synthesis manner, we
can sample panel attribute values from the predicted distri-
butions and render the final answer using a rendering en-
gine. Here, we use the rendering program released with
RAVEN [70] to show the generation ability of the PrAE
learner. Fig. 3 shows examples of the generation results.
Note that one of our generations is slightly different from
the ground-truth answer due to random sampling of rota-
tions during rendering. However, it still follows the rules in
the problem and should be considered as a correct answer.

5. Conclusion and Discussion

We propose the Probabilistic Abduction and Execution
(PrAE) learner for spatial-temporal reasoning in Raven’s
Progressive Matrices (RPM) that decomposes the problem-
solving process into neural perception and logical reason-
ing. While existing methods on RPM are merely discrim-

inative, the proposed PrAE learner is a hybrid of genera-
tive models and discriminative models, closing the loop in
a human-like, top-down bottom-up bi-directional reasoning
process. In the experiments, we show that the PrAE learner
achieves the best performance on the cross-configuration
generalization task on RAVEN and I-RAVEN. The modu-
larized design of the PrAE learner also permits us to probe
into how perception and reasoning work independently dur-
ing problem-solving. Finally, we show the unique genera-
tive property of the PrAE learner by filling in the missing
panel with an image produced by the values sampled from
the probabilistic scene representation.

However, the proposed PrAE learner also has limits. As
shown in our experiments, probabilistic abduction can be
a double-edged sword in the sense that when the number
of objects increases, uncertainties over multiple objects will
accumulate, making the entire process sensitive to percep-
tion performance. Also, complete probability marginaliza-
tion introduces a challenge for computational scalability; it
prevents us from training the PrAE learner on more com-
plex configurations such as 3x3Grid. One possible solution
might be a discrete abduction process. However, jointly
learning such a system is non-trivial. It is also difficult
for the learner to perceive and reason based on lower-level
primitives, such as lines and corners. While, in theory, a
generic detector of lines and corners should be able to re-
solve this issue, no well-performing systems exist in prac-
tice, except those with strict handcrafted detection rules,
which would miss the critical probabilistic interpretations
in the entire framework. The PrAE learner also requires
strong prior knowledge about the underlying logical rela-
tions to work, while an ideal method should be able to in-
duce the hidden rules by itself. Though a precise induction
mechanism is still unknown for humans, an emerging com-
putational technique of bi-level optimization [10, 73] may
be able to house perception and induction together into a
general optimization framework.

While we answer questions about generalization and
generation in RPM, one crucial question remains to be ad-
dressed: How perception learned from other domains can
be transferred and used to solve this abstract reasoning task.
Unlike humans that arguably apply knowledge learned from
elsewhere to solve RPM, current systems still need training
on the same task to acquire the capability. While feature
transfer is still challenging for computer vision, we antici-
pate that progress in answering transferability in RPM will
help address similar questions [71, 74, 78] and further ad-
vance the field.
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[25] Véronique Izard, Pierre Pica, Elizabeth S Spelke, and Stanis-
las Dehaene. Flexible intuitions of euclidean geometry in
an amazonian indigene group. Proceedings of the National
Academy of Sciences (PNAS), 108(24):9782–9787, 2011. 2

[26] Susanne M Jaeggi, Martin Buschkuehl, John Jonides, and
Walter J Perrig. Improving fluid intelligence with training
on working memory. Proceedings of the National Academy
of Sciences (PNAS), 105(19):6829–6833, 2008. 1

[27] Yunseok Jang, Yale Song, Youngjae Yu, Youngjin Kim, and
Gunhee Kim. Tgif-qa: Toward spatio-temporal reasoning
in visual question answering. In Proceedings of the IEEE
Conference on Computer Vision and Pattern Recognition
(CVPR), 2017. 1

[28] Michael I Jordan and David E Rumelhart. Forward models:
Supervised learning with a distal teacher. Cognitive Science,
16(3):307–354, 1992. 2, 5

[29] Ken Kansky, Tom Silver, David A Mély, Mohamed Eldawy,
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